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Preface 


Diophantus, the “father of algebra,” is best known for his book Arith- 
metica, a work on the solution of algebraic equations and the theory 
of numbers. However, essentially nothing is known of his life, and 
there has been much debate regarding precisely the years in which 
he lived. 

Diophantus did his work in the great city of Alexandria. At 
this time, Alexandria was the center of mathematical learning. The 
period from 250 BCE to 350 CE in Alexandria is known as the Silver 
Age, also the Later Alexandrian Age. This was a time when mathe- 
maticians were discovering many ideas that led to our current con- 
ception of mathematics. The era is considered silver because it came 
after the Golden Age, a time of great development in the field of 


mathematics. This Golden Age encompasses the lifetime of Euclid. 
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The quality of mathematics from this period was an inspiration for 
the axiomatic methods of today’s mathematics. 

While it is known that Diophantus lived in the Silver Age, it is 
hard to pinpoint the exact years in which he lived. While many refer- 
ences to the work of Diophantus have been made, Diophantus himself 
made few references to other mathematicians’ work, thus making the 
process of determining the time that he lived more difficult. 

Diophantus did quote the definition of a polygonal number from 
the work of Hypsicles, who was active before 150 BCE, so we can 
conclude that Diophantus lived after that date. From the other end, 
Theon, a mathematician also from Alexandria, quoted the work of 
Diophantus in 350 CE. Most historians believe that Diophantus did 
most of his work around 250 CE. The greatest amount of information 
about Diophantus’s life comes from the possibly fictitious collection 
of riddles written by Metrodorus around 500 CE. One of these is as 


follows: 


His boyhood lasted 1/6 of his life; he married after 1/7 
more; his beard grew after 1/12 more, and his son was 
born five years later; the son lived to half his father’s 


age, and the father died four years after the son. 


Diophantus was the first to employ symbols in Greek algebra. 
He used a symbol (arithmos) for an unknown quantity, as well as 
symbols for algebraic operations and for powers. Arithmetica is also 
significant for its results in the theory of numbers, such as the fact 
that no integer of the form 8n+7 can be written as the sum of three 


squares. 
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Arithmetica is a collection of 150 problems that give approximate 
solutions to equations up to degree three. Arithmetica also contains 
equations that deal with indeterminate equations. These equations 
deal with the theory of numbers. 

The original Arithmetica is believed to have comprised 13 books, 
but the surviving Greek manuscripts contain only six. 

The others are considered lost works. It is possible that these books 
were lost in a fire that occurred not long after Diophantus finished 
Arithmetica. 

In what follows, we call a Diophantine equation an equation of the 


form 


Tis Wor 22 Oe (1) 


where f is an n-variable function with n > 2. If f isa polynomial with 
integral coefficients, then (1) is an algebraic Diophantine equation. 

An n-uple (x},29,...,2°) € Z” satisfying (1) is called a solution 
to equation (1). An equation having one or more solutions is called 
solvable. 

Concerning a Diophantine equation three basic problems arise: 

Problem 1. Is the equation solvable? 

Problem 2. If it is solvable, is the number of its solutions finite 
or infinite? 

Problem 3. If it is solvable, determine all of its solutions. 

Diophantus’s work on equations of type (1) was continued by 
Chinese mathematicians (third century), Arabs (eight through 


twelfth centuries) and taken to a deeper level by Fermat, Euler, 
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Lagrange, Gauss, and many others. This topic remains of great 
importance in contemporary mathematics. 

This book is organized in two parts. The first contains three 
chapters. Chapter 1 introduces the reader to the main elementary 
methods in solving Diophantine equations, such as decomposition, 
modular arithmetic, mathematical induction, and Fermat’s infinite 
descent. Chapter 2 presents classical Diophantine equations, includ- 
ing linear, Pythagorean, higher-degree, and exponential equations, 
such as Catalan’s. Chapter 3 focuses on Pell-type equations, serving 
again as an introduction to this special class of quadratic Diophan- 
tine equations. Chapter 4 contains some advanced methods involv- 
ing Gaussian integers, quadratic rings, divisors of certain forms, and 
quadratic reciprocity. Throughout Part I, each of the sections con- 
tains representative examples that illustrate the theory. 

Part II contains complete solutions to all exercises in Part I. For 
several problems, multiple solutions are presented, along with useful 
comments and remarks. Many of the selected exercises and problems 
are original or have been given original solutions by the authors. 

The book is intended for undergraduates, high school students and 
teachers, mathematical contest (including Olympiad and Putnam) 
participants, as well as any person interested in mathematics. 

We would like to thank Richard Stong for his careful reading of 
the manuscript. His pertinent suggestions have been very useful in 


improving the text. 


June 2010 Titu Andreescu 
Dorin Andrica 
Ion Cucuruzeanu 
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Part I 


Diophantine Equations 


[1 


Elementary Methods for Solving 


Diophantine Equations 


1.1 The Factoring Method 


Given the equation f(x1,22,...,%n) = 0, we write it in the equiva- 
lent form 
Fil@1; 22; ons Bn) Fotis bo; eee in) eae fr (@1, £2, exe In) =a, 


where fi, fo,..., fr € Z[X1, Xo,..., Xp] and a € Z. Given the prime 
factorization of a, we obtain finitely many decompositions into k 
integer factors a1,a2,...,@%. Each such factorization yields a system 


of equations 


FilCi eases eee) = a1, 
Foyle whey) = a2, 
TR Rip auch an) = Ak. 


Solving all such systems gives the complete set of solutions to (1). 


T. Andreescu et al., An Introduction to Diophantine Equations: A Problem-Based Approach, 3 
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We illustrate this method by presenting a few examples. 


Example 1. Find all integral solutions to the equation 


(x? + 1(y? +1) + 2a —y)(1 — ey) = 4(1. + ay). 
(Titu Andreescu) 


Solution. Write the equation in the form 


ay? —Qeyt1+a27+y? —2ay + Ae —y)(1— zy) =4, 


or 


(wy — 1)? + (@— y)? — 2(@— y)(ay — 1) = 4. 


This is equivalent to 


[zey-1-(@-y)P =4, 


or 


(x + 1)(y = 1) = eb2: 


If (x + 1)(y — 1) = 2, we obtain the systems of equations 


e+1=2, e+1=—2, 
y—-1l=1, y-1l=-l, 
c+1=1, et+1=-1, 
y—1=2, y—-1l=—2, 


yielding the solutions (1,2), (—3, 0), (0,3), (—2, —1). 
If (x + 1)(y — 1) = —2, we obtain the systems 


rt+1=2, r+1=-2, 
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whose solutions are (1,0), (—3, 2), (0, —1), (—2,3). 
All eight pairs that we have found satisfy the given equation. 
Example 2. Let p and q be two primes. Solve in positive integers 


the equation 
1 1 1 


coy pg 
Solution. The equation is equivalent to the algebraic Diophantine 
equation 


(x — pq)(y — pq) = pa’. 


Observe that 1 < x hence we have x > pq. 


Considering all positive divisors of p?q? we obtain the following 


systems: 

x—pq=1, xL— pq =p, r= pq =, 

y—pqg=p'¢?, y — pq = pq’, yY—pqg=P"4, 
a) = = 2 

xz — pq =p’, x — pq = pq, x — pq = pq’, 

y—pqg=@, Yy — pq = D4, y — Pq =D, 

z— pq =p"4q, z— pqg=4’, x — pg =p"¢’, 

yY—pq=4, y—pqg=D", y—pq=1, 


yielding the solutions 
(1+ pq,pq(1+pq)), (p+4q),pq1+q)), (a(1+>p),pa(1+p)), 


(p(p+q),a(p+4)), (2pq,2pq), (pq(1 +4), p(1 + 49)), 


(pq(l+p),qi+p)), (ap+4q),p(p+q)), (pa. + pq),1+ pq). 
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Remark. The equation 


1 
-+-=-, 
cr sy n 


where n = pf! -+-p,*, has (2a; +1) +++ (2a, +1) solutions in positive 
integers. 


Indeed, the equation is equivalent to 
2 


(x —n)(y—n) =n’, 


2a1 


and n? = p; pt has (2a; + 1)--+ (2a, +1) positive divisors. 
Example 3. Determine all nonnegative integral pairs (x,y) for 


which 


(zy —7)? =a? +y?. 
(Indian Mathematical Olympiad) 
Solution. The equation is equivalent to 
(zy — 6)? +13 = (x+y), 


or 


(xy — 6)? — (a+ y)? = -13. 


We obtain the equation 
[zy —6 - (e+ y)lay -6+ (a@+y)]) = -1, 


yielding the systems 
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These systems are equivalent to 


r+y=7, r+y=7, 
ry = 12, xy = 0. 


The solutions to the equation are (3,4), (4,3), (0, 7), (7,0). 


Example 4. Solve the following equation in integers x,y: 
a*(y—1)+y*(#—1) =1. 
(Polish Mathematical Olympiad) 
Solution. Setting x =u+1, y=v+1, the equation becomes 
(u+1)?0+ (v+1)2u=1, 
which is equivalent to 
uv(ut+v)+4uyvt+ (uty) =1. 
The last equation could be written as 
w(utvt+4)+(u+tv+4) =5, 


or 


(u+tu+4)(wv+1)=5. 


One of the factors must be equal to 5 or —5 and the other to 1 
or —1. This means that the sum u+ v and the product uv have to 


satisfy one of the four systems of equations: 


utv=1, utv=-9, 
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u+tv=—s, u+tv=—od, 
uv =4, uv = —6. 

Only the first and the last of these systems have integral solu- 
tions. They are (0, 1), (1,0), (—6,1), (1, —6). Hence the final outcome 
(x,y) = (u+1,v+1) must be one of the pairs (1,2), (—5,2), (2,1), 
(2,—5). 


Example 5. Find all integers n for which the equation 
o+y? 4+ 2° —382yz =n 
is solvable in positive integers. 
(Titu Andreescu) 


Solution. 


We rewrite the identity 
ee +y? +29 —382yz = (ae t+yt+z)(2? +9? +27 — cy — yz — 22) 
as 


|(@—w)?+ (y-2)?+(2-2)"] (1) 


1 
a +y?+2°—3ryz = (ttyt2)-5 


and 
a+ y? + 2° —3ayz = (atytz)?-3(e@t+yt2)(ey+yzt ze). (2) 


From (1) we see that the equation is solvable for n = 3k + 1 
and n = 3k +2, k > 1, since triples of the form (k + 1,k,k) and 
(k+1,k+1,k) are solutions to the given equation. 

If n is divisible by 3, then from (2) it follows that «+ y+ z is 
divisible by 3, and so n = x? + y?4+ 2° — 3xyz is divisible by 9. 
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Conversely, the given equation is solvable in positive integers for all 
n = 9k, k > 2, since triples of the form (k — 1,k,k + 1) satisfy the 
equation, as well as forn =0 (© =y= 2). 

In conclusion, n = 38k +1,k >1,n=3k+2,k>1, and n= 9k, 
ek oe ee 


Example 6. Find all triples of positive integers (x,y,z) such that 
zg? +y? + 2° — 3ryz = p, 
where p is a prime greater than 3. 
(Titu Andreescu, Dorin Andrica) 


Solution. The equation is equivalent to 
(a+ y+ 2)(2? +y? + 2? — sy — yz — 22) =p. 


Since r+y+z > 1, we must have r+y+z=pand 274+y?+4+27- 
ry — yz — z@ = 1. The last equation is equivalent to (a — y)? + (y — 
z)? + (z— 2)? = 2. Without loss of generality, we may assume that 
a>y>z.ifa>y>z, wehaver—y>l,y—z>landx—z>2, 
implying (x — y)? + (y— z)? + (z-2)? >6>2. 

Therefore we must have x = y= z+1lora—1=y=z. The 
prime p has one of the forms 3k + 1 or 3k + 2. In the first case 


the solutions are (22, pS, sh] and the corresponding permuta- 


tions. In the second case the solutions are (24, pe v=?) and the 


corresponding permutations. 


Example 7. Find all triples (x,y,z) of integers such that 


et+ypt+e2=et+yt2=3. 
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Solution. From the identity 
(etytzpaar ty t243atyyt2A(z+2) 


we obtain 8 = (x+y)(y+z)(z+2). It follows that (3—2x)(3— y)(3— 
z) = 8. On the other hand, (3—2)+(3—y)+(3—z)—3(a+y+z) = 6, 


implying that either 3— x, 3—y, 3-2 are all even, or exactly one of 
them is even. In the first case, we get |3 — x| = |3 — y| = [3 — z| = 2, 


yielding x,y, z € {1,5}. Because «+ y+ z = 3, the only possibility is 


x = y =z =1.In the second case, one of |3 — z|, |3— y|, |3 — z| must 
be 8, say |3 — z| = 8, yielding x € {—5, 11} and |3—y| = |3—2z| =1, 
from which y, z € {2,z}. Taking into account that «+ y+ z= 3, the 
only possibility is 2 = —5 and y = z = 4. In conclusion, the desired 
triples are (1,1,1), (—5,4,4), (4,-5,4), and (4,4, —5). 

Example 8. Find all primes p for which the equation «4+4 = py* 


is solvable in integers. 
(Ion Cucurezeanu) 


Solution. The equation is not solvable in integers for p = 2, for 
the left-hand side must be even, hence 4 (mod 16), while the right- 
hand side is either 0 (mod 16) or 2 (mod 16). The same modular 
arithmetic argument shows that for each odd prime p, x and y must 
be odd. The equation is equivalent to (x? + 2)? — (2x)? = py*, which 
can be written as (x? — 27+ 2)(x?+2xr+2) = py*. We have gcd(x? — 
2x +2,274+2xr+2) = 1. Indeed, if d| x?-2x+2 and d|2x?+2zx+2, 
then d must be odd, and we have d | 42. It follows that d | x; hence 
we get d = 1. Because ged(x? — 24 + 2,2? + 22 + 2) = 1, taking into 


account that 2? —2¢+2 = a‘ and x7+2x+2 = pb* for some positive 
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integers a and b whose product is y, it follows that (2 —1)?+1= a4 
and (2 + 1)? + 1= pb*. The first equation yields a? = 1 and x = 1; 
hence the second gives p = 5 and b? = 1. Therefore, the only prime 
for which the equation is solvable is p = 5. In this case the solutions 


(x,y) are (1,1), (—1,1), (1,-—1), and (—1,-1). 
Exercises and Problems 
1. Solve the following equation in integers x,y : 
x? + 6xy + 8y? + 3x + by = 2. 


2. For each positive integer n, let s(n) denote the number of 


ordered pairs (x,y) of positive integers for which 


1 1 1 

aie Be 
og on 

Find all positive integers n for which s(n) = 5. 


(Indian Mathematical Olympiad) 


3. Let p and q be distinct prime numbers. Find the number of 


pairs of positive integers x,y that satisfy the equation 


(K6MaL) 
4. Find the positive integer solutions to the equation 
e =y* =2zy+ 61. 


(Russian Mathematical Olympiad) 
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5. Solve the Diophantine equation 
v— y" = 4, 


where x is a prime. 


6. Find all pairs (x,y) of integers such that 
x $32? +1 Sy". 
(Romanian Mathematical Olympiad) 


7. Solve the following equation in nonzero integers x,y: 
(@? + y)(@+y") =(e-y)*. 
(16th USA Mathematical Olympiad) 


8. Find all integers a, b,c with 1 < a < b < csuch that the number 
(a — 1)(b— 1)(c — 1) is a divisor of abc — 1. 


(33rd IMO) 


9. Find all right triangles with integer side lengths such that their 
areas and perimeters are equal. 


10. Solve the following system in integers x, y, Z, u, v: 


etytz+ut+v=xcyuvt (e+ y)(utv), 
sytz+uv=cy(ut+v)t+ur(rt+y). 


(Titu Andreescu) 


11. Prove that the equation 2(a +1) = p?”y(y+1) is not solvable 


in positive integers, where p is a prime and n is a positive integer. 
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12. Find all triples (x, y,p), where x and y are positive integers 


and p is a prime, satisfying the equation 
ot+att+1=p?’. 
(Titu Andreescu) 
13. Find all pairs (x, y) of integers such that 


3 3 
ty’ _ 9007. 


ry + 


(Titu Andreescu) 


1.2 Solving Diophantine Equations Using 


Inequalities 


This method consists in restricting the intervals in which the vari- 
ables lie using appropriate inequalities. Generally, this process leads 
to only finitely many possibilities for all variables or for some of 
them. 


Example 1. Find all pairs (x,y) of integers such that 
arty? =(e+y)?. 


Solution. Note that all pairs of the form (k,—k), k € Z, are solu- 


tions. If x + y 0, the equation becomes 
a? —ayt+y? =rt+y, 
which is equivalent to 


(x —y)? + (e@- 1)? + (y-1)? =2. 
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It follows that (x — 1)? < 1 and (y—1)? < 1, restricting the inter- 
val in which the variables x,y lie to [0,2]. We obtain the solutions 
(0, 1), (1, 0), (, 2); @, 1); (2, 2). 

Example 2. Solve the following equation in positive integers 
Ue ae 

1 1 1 3 

- 4-4 ==, 

Ee 
(Romanian Mathematical Olympiad) 


Solution. Taking symmetry into account, we may assume that 2 < 
x < y < z. This implies the inequality 3 > 3, and hence x € 
{2,3,4,5}. 

If x = 2, then 5+ = 75 with y € {11, 12,..., 20}. It follows that 
z=10+ rea and (y—10) | 100. We obtain the solutions (2, 11, 110), 
(2, 12,60), (2, 14,35), (2, 15,30), (2,20, 20). 

If z = 3, we have Ths = < with y € {3,4,5,6, 7}. We obtain the 
solutions (3, 4,60), (3,5,15), (3,6, 10). 

If xc = 4, then 7 + + = 5 with y € {4,5}, and the solution is 
(4,4, 10). 

If « = 5, then 7 + 4 = 2 and y = z = 5, yielding the solution 
(5,5,5). 

Example 3. Find all quadruples (x,y,z,w) of positive integers 


for which 


ety? + 27 4 Qry + Qa(z — 1) + 2y(z + 1) =w’. 
(Titu Andreescu) 


Solution. We have 


(wt ytzt+1)? = 2? 4+ y?4 274 Qayt Qa(z+1) 4 2y(z£1) 42241. 
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It follows that 
(e+y+z2-1)? <w? <(e+y+24+1)’. 


Hence a? + y? + 27 + Qary + 2a(z — 1) + 2y(z+ 1) can be equal 
only to (2 +y+ z)?. This implies x = y therefore the solutions are 
(m,m,n,2m+n),m,n€ Zy. 


Example 4. Find all solutions in integers of the equation 
a+ (e+1)?4+(e4+2)? +--+ (e+ 7% =y?. 
(Hungarian Mathematical Olympiad) 


Solution. The solutions are (—2, 6), (—3, 4), (—4, —4), (—5, —6). Let 


P(x) = 2° +(a+1)?+(e+2)? +---+(a+7)? = 80° + 84a? +4202 +784. 
If « > 0, then 


(Qa + 7)? = 8a? + 84x? + 2942 + 343 


< P(x) < 8x° + 120x? + 600x + 1000 = (2a + 10), 


so 27+7<y < 2x+410; therefore y is 2x +8 or 27+ 9. But neither 


of the equations 


P(x) — (2a + 8)? = —122x? + 36x + 272 = 0, 


P(a) — (22 +9)? = —242? — 662 + 55 = 0, 


has any integer roots, so there are no solutions with « > 0. Next, 
note that P satisfies P(—x — 7) = —P(x), so (a,y) is a solution 
if and only if (—x — 7,—y) is a solution. Therefore there are no 


solutions with x < —7. So for (x,y) to be a solution, we must have 
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—6<a<_-l. For —-3< x < —1, we have P(—1) = 440, not a cube, 
P(—2) = 216 = 6°, and P(—3) = 64 = 4°, so (—2,6) and (—3, 4) 
are the only solutions with —3 < x < —1. Therefore (—4,—4) and 
(—5,—6) are the only solutions with —6 < « < —4. Hence the only 
solutions are (—2,6), (—3,4), (—4, —4), and (—5, —6). 


Example 5. Find all triples (x,y,z) of positive integers such that 


1 1 1 
ey lees een eee. 
x y z 
(United Kingdom Mathematical Olympiad) 


Solution. Without loss of generality we may assume x > y > z. 
Note that we must have 2 < (1 +1/z)?, which implies that z < 3. 
If z= 1, then (1 + +) (2 + 1) = 1, which is clearly impossible. 
4 
The case z = 2 leads to (1+ 4) (1 + 1) Poe Therefore 


2 
< (1 + 1) , which forces y < 7. Since 1+ — > 1, we obtain 
x 


wpe 


y > 8. Plugging in the appropriate values yields the solutions 
(7, 6,2), (9,5, 2), (15, 4,2). 
If z = 3, then (1 -- +) (1 + 1) — 3. Similar analysis leads to y < 5 
and y > z = 3. These values yield the solutions (8,3,3) and (5, 4,3). 
In conclusion, the solutions are all permutations of (7,6, 2), 
(9,5,2), (15, 4,2), (8,3,3) and (5, 4,3). 


Example 6. Find all positive integers n,k,,...,kn such that 
ky +---+k, =5n—4 


and 


(Putnam Mathematical Competition) 
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Solution. By the arithmetic-harmonic mean(AM-HM) inequality 

or the Cauchy—Schwarz inequality, 
(ky +--+ + kn) (Fto+E) cae 

We must thus have 5n—4 > n?, son < 4. Without loss of generality, 
we may suppose that ky <--- < kp. 

If n = 1, we must have ky = 1, which works. Note that hereinafter 
we cannot have ky = 1. 

If n = 2, then (ki, k2) € {(2,4), (3,3)}, neither of which works. 

If n = 8, then ky +ko+kg = 11, so 2 < ky < 3. Hence (ky, ko, k3) € 
{(2, 2, 7), (2,3, 6), (2, 4, 5), (3, 3,5), (3,4,4)}, and only (2,3,6) works. 

If n = 4, we must have equality in the AM—HM inequality, which 


happens only when ky, = ko = k3 = ky = 4. Hence the solutions are 
n=1and ky = 1, n = 3 and (kj, ko, k3) is a permutation of (2, 3,6), 
and n = 4 and (ky, ko, k3, ka) = (4,4, 4, 4). 


Exercises and Problems 
1. Solve in positive integers the equation 
3(xy + yz + 2x) = Aryz. 
2. Find all triples (x,y, z) of positive integers such that 
cy t+ yzt+ 2a — cyz = 2. 
3. Determine all triples (x, y, z) of positive integers such that 
(a+y)?+3e+y+1=2?. 


(Romanian Mathematical Olympiad) 
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4, Determine all pairs (x, y) of integers that satisfy the equation 
Gti s=@=1)=y) 
(Australian Mathematical Olympiad) 
5. Prove that all the equations 
a + az* +bs* +ce=y", 


where a € {3,4,5}, b € {4,5,...,12}, c © {1,2,...,8}, are not 


solvable in positive integers. 
(Dorin Andrica) 
6. Solve in positive integers the equation 
ay + yz +22" = 3LYZ. 
7. Find all integer solutions to the equation 
(a? — y*)? = 1+ 16y. 
(Russian Mathematical Olympiad) 
8. Find all integers a,b,c,x,y,z such that 


a+b+c=xyz, 


rt+y+z=abe, 


anda>b>cllew>y>2z2>1. 


(Polish Mathematical Olympiad) 
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9. Let x,y, z,u, and v be positive integers such that 
LYZU =L+YtZ+utv. 


Find the maximum possible value of max{z, y, z, u,v}. 


10. Solve in distinct positive integers the equation 
etyt+2tw? =3(e+ytz+u). 
(Titu Andreescu) 
11. Find all positive integers x,y, z,t such that 


an ty = 2", 


epyr at, 


for some integer n > 2. 
12. Find all pairs (x, y) of positive integers such that 2” = y”. 
13. Solve in positive integers the equation x¥ + y= y* +2. 


14. Let a and b be positive integers such that ab+1 divides a?+?. 


Prove that ath is the square of an integer. 
(29th IMO) 
15. Find all integers n for which the equation 
(2 + y+ 2)? = naryz 


is solvable in positive integers. 


(American Mathematical Monthly, reformulation) 
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1.3. The Parametric Method 


In many situations the integral solutions to a Diophantine equation 
FC eel eee en ee |) 
can be represented in a parametric form as follows: 
Cy = 01 Bigec ey hp )s oe — Go hig hy een — Onl Bees ens 


where 91,92,---;9n are integer-valued I[-variable functions and 
ky,...,k) € Z. 

The set of solutions to some Diophantine equations might have 
multiple parametric representations. 

For most Diophantine equations it is not possible to find all solu- 
tions explicitly. In many such cases the parametric method provides 
a proof of the existence of infinitely many solutions. 

Example 1. Prove that there are infinitely many triples (x, y, z) 


of integers such that 
e+ y4 Baer +y? 422. 
(Tournament of Towns) 


Solution. Setting z = —y, the equation becomes x? = x? + 2y?. 
Taking y = max, m € Z, yields x = 1 + 2m?. We obtain the infinite 


family of solutions 
g=2m?+1, y=m(2m?4+1), z=—m(2m241), medZ. 


Example 2. (a) Let m and n be distinct positive integers. Prove 


that there exist infinitely many triples (x,y,z) of positive integers 
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such that 
x +y’ = (m? +n?)*, 
with 
(i) z odd; (ii) z even. 
(b) Prove that the equation 


has infinitely many solutions in positive integers x, y, Z. 


Solution. (a) For (i), consider the family 
tp=m(m?+n?)*, ypan(m? tn), 2 =2k4+1, kED4. 


For (ii), consider the family 


1 


tp = |m? —n?|\(m? +n7)F1, yg = 2mn(m? + n?)F} 


Zk = 2k; kKeEZ,. 


(b) Since 2? + 3? = 13, we can take m = 2, n = 3 and obtain the 


families of solutions 
= 2-13", y,=—3-13", 2=2k+1, FEZ; 
ay =5-138*-1, yf =12-138"1, el =ok, kEZ,. 
Remarks. (1) Taking into account Lagrange’s identity 
(a? + b7)(c? + d*) = (ac — bd)? + (ad + be)’, 


we can generate an infinite family of solutions by defining recursively 


the sequences (X%)k>1, (Yk)k>1 as follows: 


Uk+1 = ML — NYk, 


Yk+1 = NXE + MYrk, 
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where 7] = ™, y1 = 7. 

It is not difficult to check that (|xz|, yx,k), k € Z+, are solutions 
to the given equation. 

(2) Another way to generate an infinite family of solutions is with 
oa 


complex numbers. Let k be a positive integer. We have (m+ in) 


Ay +iBy, where Ay, By € Z. Taking moduli, we obtain 
(m? +n)" = Ag + By, 


and thus (|A,|,|B,|,&) is a solution to the given equation. 


Example 3. Find all triples (x,y,z) of positive integers such that 


XR 


hs al 
-+-= 
| 


Solution. The equation is equivalent to 


ry 
a . 
r+y 


Let d = gced(a,y). Then x = dm, y = dn, with gcd(m,n) = 1. It 
follows that gcd(mn,m +n) = 1. Therefore 


dmn 


m+n’ 
which implies (m+n) |d, ie, d=k(m+n),k € Zy. 


The solutions to the equation are given by 
r=km(m+n), y=kn(m+n), z=kmn, 


where k,m,n € Zy. 
Remark. (1) If a,b,c are positive integers with no common factor 


such that 
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then a+ 0 is a square. Indeed, k = 1, a= m(m+n), b=n(m+n), 
and hence a+ b=(m+n)?. 


(2) If a,b,c are positive integers satisfying 
Date 

a be’ 
then a? + b? + c? is a square. Indeed, 


+P +c =k [m?(m tn)? +n?2(mt+n)?+ mn?| 


= k? G + n)* — 2mn(m +n)? + mn?| 


2 


=k [(m +n)? —mn 


Example 4. Prove that for each integer n > 3 the equation 


has infinitely many solutions in positive integers. 


Solution. An infinite family of solutions is given by 
tp = k(k™+1)"-?7, yp = (kP4-1)"-7, ee = (RO41)" 4, bE ZL. 
Example 5. Let a,b be positive integers. Prove that the equation 
a? — Qary + (a? — 4b)y? + 4by = 2? 


has infinitely many positive integer solutions (xj, yj, 2;), where (x5), 


(yj), (2j) are increasing sequences. 


(Dorin Andrica) 


Solution. We will use the following auxiliary result: 
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Lemma. /f A, B are relatively prime positive integers, then there 


exist positive integers u,v such that 


Au— Bv=1. (1) 


Proof. Consider the integers 
1-A, 2-A,...,(B-1)-A (2) 
modulo B. All these remainders are distinct. Indeed, if 
kj A=qaBor and kgA=QB+r 
for some ki, kg € {1,2,...,B —1}, then 
(ky —kg)A=(q1-—q@)B=O0 (mod B). 


Since gcd(A, B) = 1, it follows that |k,; — k2{ = 0 (mod B). 

Taking into account that ky,k2 € {1,2,...,B — 1}, we have 
|ky — kg| < B. Thus ky — ko = 0. 

It is not difficult to see that k- A # 0 (mod B) for all k € 
{1,2,...,B — 1}. Hence at least one of the integers (2) gives 


remainder 1 on division by B, i.e., there exist u € {1,2,...,B—1} 


and v € Z, such that A-u= B-v+1. 


Remark. Let (uo, v9) be the minimal solution in positive integers 
to equation (1), i.e., wo (and vo) is minimal. Then all solutions in 


positive integers to equation (1) are given by 


Um =Up+ Bm, Um=vot Am, meEZ,. (3) 
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Returning to the original problem, let us consider the sequence 


(Yn)n>1, given by 
Ynt1 = by? +ayn+1, ye Zy. (4) 


Clearly gced(yn, Yn41) = 1, n € Z,. From the above Lemma, there 


is a sequence of positive integers (Un)n>1, (Un)n>1 Such that 
Ynt1lUn —YnUn=1, nEZy. 
From (4) we obtain 
buny? + (atUn — Un)Y¥n tUn -1=0, ne Zq. (5) 


Regarding (5) as a quadratic equation in y, and taking into 


account that y, € Z4, it follows that the discriminant 
Dp = (AUn — Un)? — Abun (un — 1) 
is a perfect square. That is, 
v2 — 2auntn + (a? — 4b)u2 + 4bun = 27, ne Zy4. 


It is clear that the sequences (un)n>1 and (Up)n>1 contain strictly 
increasing subsequences (Un,;)j>1, (Un;)j>1, respectively. An infi- 
nite family of solutions with the desired property is given by 
(Ung: Unjs%nz)s J = 1. 

Remark. The left-hand side of the given equation, which we may 
write as 


(x — ay)” — 4by(y — 1), 


is the discriminant of the quadratic equation 


byt? + (ay —x)t +y—1=0, 
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with a new unknown t. Therefore, this discriminant is a perfect 
square if the last equation has an integer root. (As we know, the 
square root of a nonnegative integer is either irrational or an inte- 


ger.) Rewriting the equation in the form 
y(bt? + at +1) =1+4 at, 
we can see that the number t = 1 is a root if 
y(b+a+1)=1+2, 


which is satisfied by infinitely many pairs of integers (x,y). In this 
case, by routine computation, we get z = by — y+ 1. Thus we have 


found an infinite family of solutions 


g=(a+b41)m-1, y=m, z=(b-1)m4+1, me 4. 


Example 6. Prove that the equation 
27+1=2y 


has infinitely many solutions in positive integers. 
Solution. It suffices to prove that 3* divides 23" +1 for all k > 0. 
Indeed, for all & > 1, 


po ei Ca np Ce i 1) Czas Leh. 1). 


gk-1 


The first factor can be written as (3 — 1) + 1, and since 
Cape +1 =0, it is divisible by 3-!. The second factor is equal 


2 
fo (ae ae 1) ee 


3k-1 


, which is clearly divisible by 3. Hence 


ak 
Ge =H), k > 0, are all solutions to the given equation. 
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Exercises and Problems 
1. Prove that the equation 
a? = y+ 25 


has infinitely many solutions in positive integers. 


2. Show that the equation 
et+ya2?+z 
has infinitely many solutions in relatively prime integers. 
(United Kingdom Mathematical Olympiad) 
3. Prove that for each integer n > 2 the equation 
ety" =z 


has infinitely many solutions in positive integers. 


4. Let n be an integer greater than 2. Prove that the equation 


gpg pg ag St 


has infinitely many solutions (x,y, z,u,v) in positive integers. 
(Dorin Andrica) 


5. Let a,b,c,d be positive integers with gcd(a,b) = 1. Prove that 
the following system of equations has infinitely many solutions in 
positive integers: 

ax — yz—-c=0, 


ba — yt +d=0. 


(Titu Andreescu) 
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6. Find all triples (x, y, z) of integers such that 

cy(zt+1) = (#+1)(y+1)z. 
7. Solve in integers the equation 
x + ry =y’ + XZ. 
8. Prove that the equation 
a + y> + 23 + w? = 2008 

has infinitely many solutions in integers. 


(Titu Andreescu) 


9. Prove that there are infinitely many quadruples (2, y, z,w) of 


positive integers such that 
at + y* + 2* = 2002”. 
(Titu Andreescu) 


10. Prove that each of the following equations has infinitely many 


solutions in integers x, y, z, u: 
ot + y* + 24 = Qu?. 
11. Prove that there are infinitely many quadruples (2, y, u,v) of 


positive integers such that ry+1, cu+1, gv+1, yu+1, yo +1, 


uv + 1 are all perfect squares. 
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1.4 The Modular Arithmetic Method 


In many situations, simple modular arithmetic considerations are 
employed in proving that certain Diophantine equations are not solv- 
able or in reducing the range of their possible solutions. 


Example 1. Prove that the equation 
(e@ +1)? + (a+ 2)? +--+ +(x +2001)? =y’ 


is not solvable. 


Solution. Let x = z — 1001. The equation becomes 


(z— 1000)? +--+ (2-1)? +27 + (241)? +--+ +(z+ 1000)? = y’, 


or 
200127 -- 21? + 9? east a 10007) = y?. 
It follows that 


1000-1001-2001 4 


200127 + 2 - y", 


or equivalently, 
200127 + 1000 - 1001 - 667 = y’. 


The left-hand side is congruent to 2 (mod 3), so it cannot be a 
perfect square. 


Example 2. Find all pairs (p,q) of prime numbers such that 
p—@ =(p+q). 


(Russian Mathematical Olympiad) 
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Solution. The only solution is (7,3). First suppose that neither p 
nor g equals 3. Then p = 1 or 2 (mod 3) and gq = 1 or 2 (mod 3). 
If p = q (mod 3), then the left-hand side is divisible by 3, while 
the right-hand side is not. If p # q (mod 3), the right-hand side is 
divisible by 3, while the left-hand side is not. 

If p = 3, then q° < 27, which is impossible. 

If g = 3, we obtain p* — 243 = (p+3)?, whose only integer solution 
isp=7. 

Example 3. Prove that the equation x° — y* = 4 has no solutions 


in integers. 
(Balkan Mathematical Olympiad) 


Solution. We consider the equation modulo 11. Since (#°)? = 2° = 
0 or 1 (mod 11) for all x, we have 2° = —1, 0, or 1 (mod 11). So 
x —4 is either 6,7, or 8 modulo 11. However, the quadratic residues 
modulo 11 are 0,1,3,4,5, and 9, so the equation has no integral 
solutions. 

Example 4. Determine all primes p for which the system of equa- 


tions 


p+1l= 22, 
pe +1=2y’, 


has a solution in integers x,y. 
(German Mathematical Olympiad) 


Solution. The only such prime is p = 7. Assume without loss of 


generality that x,y > 0. Note that p+ 1 = 2x? is even, so p F 2. 


Also, 2x? = 1 = 2y? (mod p), which implies 2 = +y (mod p), since 
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p is odd. Since x < y < p, we have x + y = p. Then 
2 = ee 
po +1=2(p—2)* = 2p* —4pr+p+t+1, 


so p = 4x — 1, 2x” = 4a, x is 0 or 2, and p is —1 or 7. Of course, —1 
is not prime, but for p = 7, (x,y) = (2,5) is a solution. 

Example 5. Prove that if n is a positive integer such that the 
equation 


g? —3ay?+y=n 


has a solution in integers x,y, then it has at least three such solu- 


tions. Prove that the equation has no integer solution when n = 2891. 
(23rd IMO) 
Solution. Completing the cube, we obtain 
a? — 3ay? + y® = 20 — 3x7y — 2? + 327y — 3ay? + y? 
= 2x? — 3a7y + (y — x)? 


= (y— a)? — 3(y — 2)(—2)? + (—2)°. 


This shows that if (x,y) is a solution, then so is (y — «,—a). The 
two solutions are distinct, since y — x = x and —x = y lead to 


x=y= 0. Similarly, 


° 3a7y 3xy" y? + Qy3 + 3x7y _ Gay” 


a? —8ay*+y? =a 
= (x —y)? + 3ay(a — y) — 3xy? + 2y? 


= (-y)* — 3(-y)(@ -y)*? + («-y)%, 


so (—y, x — y) is the third solution to the equation. 
We use these two transformations to solve the second part of the 


problem. Let (x,y) be a solution. Since 2891 is not divisible by 3, 
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x + y® is not divisible by 3 as well. So either both x and y give 
the same residue modulo 3 (different from 0), or exactly one of x 
and y is divisible by 3. Either of the two situations implies that one 
of the numbers —2,y,x — y is divisible by 3, and using the above 
transformations, we may assume that y is a multiple of 3. It follows 
that 2? must be congruent to 2891 (mod 9), which is impossible, 
since 2891 has residue 2, and the only cubic residues modulo 9 are 
0, 1, and 8. 


Example 6. Solve the equation 
27 4+1=27y. 
(31st IMO, reformulated) 


Solution. The only solutions are (1,3) and (3,1). Indeed, let « = 
3*d, with gcd(d,3) = 1. Clearly, d is odd and 3? d? divides 23°4 +1. 
But 


(24)" iis Coa i Cae i 1) Cae 7 gd 3h—! a 1) 


for all k > 1, hence 


k-1 
gts" 4 1 Ga ee 1) Coad — 9437 4 1). (1) 
0 


&, 
ll 


Because 2? — 2" + 1 = 3 (mod 9) for each odd m, it follows that 


k-1 
II (gee _ 9d'3) 1) 
j=0 


is divisible by 3° but not by 3*+!. 


Taking into account that 3?*d? | 27" +1, from (1) we get 3* | 2441. 
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The case d = 1 yields k = 1, generating the solution (3, 1). 

Because d is odd and gcd(d,3) = 1, we have d > 5 and d is 
congruent to 1 or 5 (mod 6). 

If d=1 (mod 6), then 24+1= 3 (mod 9), and if d=5 (mod 6), 
then 27+ 1=6 (mod 9). In both cases, 9 does not divide 24 + 1. It 
follows that k = 0 or k = 1. For k = 0 and k = 1, d divides 2” +1. Let 
p be the least prime factor of d. From p | 2*+1 it follows that 27 = —1 
(mod p). But from Fermat’s little theorem, 2?~' = 1 (mod p). Let 
u be the order of 2 modulo p, that is, the least positive integer u 
such that 2“ = 1 (mod p). From the minimality of u it follows that 
u | p—1. But from 2” = —1 (mod p) we have 2?” = 1 (mod p), 
and hence u | 2x. Because gcd(p — 1,d) = 1, we get gcd(u,d) = 1, 
and u | 2-3*-d with k = 0 or k = 1 yields u € {1,2,3,6}. Taking 
into account that 2“ = 1 (mod p), it follows that p divides one of 
the numbers 1, 3, 7, and 63. But p is a prime greater than or equal 
to 5, and hence p = 7. However, 7 does not divide 2” + 1, since 
2° + 1=2,3, or 5 (mod 7). 

Hence there is no prime p that divides d and 2*+1, and thus d= 1 


and x = 3. 
Exercises and Problems 
1. Prove that the equation 
(a +1)? + (2 +2)? +---4 (2 +99)? =y? 
is not solvable in integers x,y,z, with z > 1. 


(Hungarian Mathematical Olympiad) 
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2. Find all pairs (x, y) of positive integers for which 
a? — y! = 2001. 
(Titu Andreescu) 
3. Prove that the equation 
e+yt*=7 


has no solution in integers. 


4, Find all pairs (x,y) of positive integers satisfying the equation 
3° —2% = 7. 


5. Determine all nonnegative integral solutions (x1, 22,...,214) if 


any, apart from permutations, to the Diophantine equation 
ita tes +244 = 15999. 
(8th USA Mathematical Olympiad) 
6. Find all pairs (x, y) of integers such that 
g? — dry +y? = —1. 
(G.M. Bucharest) 
7. Find all triples (x,y,z) of nonnegative integers such that 
5°74 +4 = 3%. 


(Bulgarian Mathematical Olympiad) 
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8. Prove that the equation 


Acy—a2—y= 2" 


has no solution in positive integers. 
(Euler) 
9. Prove that the system of equations 


a2 + 6y? = 22, 
6a? +y? = 0, 


has no nontrivial integer solutions. 
10. Find all pairs (a,b) of positive integers that satisfy the equa- 
tion 


a” = b*. 
(37th IMO) 
11. Find all primes qi, q2,...,q¢ such that 
G=ht +@.- 
(Titu Andreescu) 
12. Prove that there are unique positive integers a and n such that 


Grea 004: 


(Putnam Mathematical Competition) 
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1.5 The Method of Mathematical Induction 


Mathematical induction is a powerful and elegant method for proving 
statements depending on nonnegative integers. 

Let (P(n))n>0 be a sequence of propositions. The method of 
mathematical induction assists us in proving that P(n) is true for 
all n > no, where no is a given nonnegative integer. 


Mathematical Induction (weak form): Suppose that: 
e P(no) is true; 
e For allk > no, P(k) is true implies P(k +1) is true. 


Then P(n) is true for alln > no. 
Mathematical Induction (with step s): Let s be a fixed positive 
integer. Suppose that: 


e P(no), P(no + 1),..., P(no + 5 — 1) are true; 
e For allk > no, P(k) is true implies P(k + s) is true. 


Then P(n) is true for all n > no. 


Mathematical Induction (strong form): Suppose that 
e P(no) is true; 


e For allk > no, P(m) is true for allm with ng < m < k implies 


P(k +1) ts true. 


Then P(n) is true for alln > no. 
This method of proof is widely used in various areas of mathe- 


matics, including number theory. The following examples are meant 
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to show how mathematical induction works in studying Diophantine 
equations. 
Example 1. Prove that for all integers n > 3, there exist odd 


positive integers x,y, such that 7x? + y? = 2”. 
(Bulgarian Mathematical Olympiad) 


Solution. We will prove that there exist odd positive integers 2n, Yn 
such that 7x2 + y2 = 2”, n> 3. 

For n = 3, we have x3 = y3 = 1. Now suppose that for a given 
integer n > 3 we have odd integers 2p, Yn satisfying 7x2 + y2 = 2”. 
We shall exhibit a pair (%p41,Yn+41) of odd positive integers such 
that 722,44 ya = 2""). In fact, 


2 2 
nt Yn 72 n 
(2 =) + (FE*) = 2(7a2 + y2) = 2041, 


Precisely one of the numbers ou Fyn and [nal is odd (since their 
sum is the larger of x, and y,, which is odd). If, for example, on Fun 


is odd, then 


is also odd (as a sum of an odd and an even number); hence in this 


case we May choose 


_ Int Yn _ Tin — Yn 
ee and Yn+1 = 
2 2 
If => is odd, then 
Tin + y Inty 
me = Bre ie man 
so we can choose 
= |2n — Yn| a 72m + Yn 
2 or, and Ynt1 = 5 
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Example 2. Prove that for all positive integers n, the equation 
arty? +27 = 59" 

is solvable in positive integers. 


(Dorin Andrica) 


Solution. We use mathematical induction with pace s = 2 and 
no = 1. Note that for (%1,y1,21) = (1,3,7) and (x2, yo, 22) = 
(14, 39,42) we have 


ef+yet22=59 and 23+ y$4 2 =597. 
Define now (2p, Yn; Zn), N > 3, by 


In4+2= 59%, Yn42=59Yn, 2n4+2 = 59Zn, 


for all n > 1. Then 


2 2 PPD oe soy: 
Thro + Yate + Ze42 = 59° (LE + YE + 2%); 


hence x2 + yz + 2% = 59* implies 22,5 + yg4o + yo = 59. 


Remark. We can write the solutions as 
(25a 45 Un) Zon) = (1h b9"- 358 7 59" *) 
and 
(Len, Yon, Zan) = (14- 59", 39-59", 42-59"), n>. 


Example 3. Prove that for alln > 3 the equation 


1 1 1 
—+—4--4+—=1 (1) 
LY x2 Ln 
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is solvable in distinct positive integers. 


Solution. For the base case n = 3 we have 


It ESN 
a a 
Assuming that for some k > 3, 
1 1 1 
—+—4---4—=1, 
LY XQ Lk 


where 71, 22, 


.,t, are distinct positive integers, we obtain 


1 1 ty = 
224 222 22k 2 
It follows that 
1 1 : 1 sade A ys i 
2° 2a; Qa 2a 
where 2, 271,2%9,...,2a, are distinct. 
Remarks. (1) Note that 
n-1 k n-1 


JCS at) Veet a eee 
en (+1) Gea) pan 


ni 

Hence 
>, al 1 Ma 
Boat ee Pa 
a oy n-1 
3! n! 

gids 
1.€., (45... 


; -n) is a solution to equation (1) and all its 
n — 
components are distinct. 


(2) Another solution to equation (1) whose components are dis- 
tinct is given by 


(22 igen ga area) 
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40 
Indeed, 

Sp ee eee eee : 

9 92 Qn—2 Qn-24 4 Qn—2(Qn-2 + 1) 
eee 205 & 1 
= 9Qn—2 gn—2(gn—-2 4 4) gn-2(gn-2 4 J) 

1 1 

=1 sf =1., 


(3) Another way to construct solutions to equation (1) is to con- 


sider the sequence 


4, =2, GQm41=41°::'Qmt+1, meal 
Then for all n > 3, 
1 1 1 1 
Sener =1. (2) 
a4 a2 An—1 An —1 


or 


Thus 


and the sum 


1 1 1 
ay a2 an—-1 
telescopes to 
1 1 1 
ee ee ees eee 
aj-1l1 a,-1 Qn —1 


Hence the relation (2) is verified. 
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(4) If (s1, 52,...,5n) is a solution to 
1 1 1 
Se ee ee] 
Ly x2 Ln 
with 51 < 82 <-+- < Sp, then (81, $2,...,Sn—1, $n +1, 8n(Sn +1)) is 
a solution to 
1 1 
all Lessin! opt e E =| 
Yl 2 Yn+1 
and all its components are distinct. 
(5) For a > 1, the identity 
re ee ee 
a-1 a @ a™ ~ (a—1)a™ 


generates various other families of solutions. For example, from 
1 1 
oa ee eee | 
2 6 


and a = 7, we obtain the solution (2.3, Toate toe ps), 
n > 4, while from 

VS sop ao. 
we get (2.3, PAB AG ih cy ASO FAD 4g), n > 5. From the con- 
struction above it follows that equation (1) has infinitely many fam- 
ilies of solutions with distinct components. 

(6) It is not known whether there are infinitely many positive 
integers n for which equation (1) admits solutions (21, 22,...,2n), 
where £1,2%9,...,%p are all distinct odd positive integers. 

A simple parity argument shows that in this case n must be odd. 

There are several known examples of such integers n. For instance, 
if n = 9, we have 


pM Mi ot Uh 28 IE gel) UE 
a ae ee eee in gies dae a 
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ifn = 11, 
Uys Lg og ye A tee lisa ho ly, Gl gn 
SO ge nh! ie DLS OP" sane he A > aac. 
ifn = 15, 


Bie eight eee a Mee dade 2h ees 
3 5 7 9 15 21 35 45 55 
1 1 1 1 1 1 


T T = 1; 
77 165 231 = =385 = 495 a 693 
and if n = 17, 


77° 165 | 275 | 385 495 825 1925 | 2475 


jo 1 n+l 
xy x5 x7, U4 


is solvable in positive integers if and only if n> 3. 


(Mathematical Reflections) 


Solution. For n = 1, the equation becomes 


which has no solution, since V2 is irrational. 


Consider next n = 2. Then the equation becomes 
(9x3)? + (123)° = 3(2122)?. 


For 1 <i < 3, write 7; = 3”y;, where y; is not divisible by 3. 


Without loss of generality assume that n, > na. Then 


32(2+3) ((yoy3)? ce 32(m1—N2) (ay ys)?) = g(r tma)tl yyy)? (3) 
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Because 1 is the only possible quadratic residue modulo 3, 
(yoy3)? + 32°™-"2) (yy3)? = 1 or 2 (mod 3). 
Hence the exponents of 3 in the two sides of (3) cannot be equal. 


Finally, consider n > 3. Starting from 5” = 4? + 37, we get 


1 1 1 


122-152 " 902 


by dividing by 324757. Multiplying by as we get 


1 1 1 1 1 ie | 
Tat ~ 122152 7 122002 ~ T2212 T (GE 7 =m) 202 
oo. el i 1 
~ (12 -15)2 = (15 - 20)? om (20 - 20)?’ 
Hence 


tare iat = (12 - 15,15 - 20,202, 2- 12°) 


is a solution for n = 3. Inductively, assume that (71,...,2%n41) is a 


solution to 
1 n+1 


1 
2 2 2 
Ly Ln Ena 


for some n > 3 and arrive in this manner at 


Bays ill OM te 
xy x7, cae ae 


completing the proof. 
Remark. For n = 1, we get the equation 2x; = x2, and since 


V2 is irrational, there is no solution in this case. For n = 2, we have 
2,2 2,2 2,2 
LgX3 + L123 = 32 L5, 


or equivalently, a? + b? = 3c?. We can assume that the numbers a, b, 


and ¢ are all different from zero and that they are relatively prime, 
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meaning gcd(a, b,c) = 1. The square of an integer is congruent to 0 
or 1 modulo 3, and hence both a and 0 are divisible by 3. Now, c is 
also divisible by 3 and we get a contradiction. 


For n = 3, we have at least one solution: 
(X41; 2,03, £4) = (3, 3, 6, 4), 


that is, 
1 1 1 4 


go ag) Ga = ae 


For each integer n > 3, we can use the solution for n = 3 and get 


Bi Pato Es «a 1 4 n-3  n+1 
Bega Ge gg ge ge ge ge 
— 
n—-3 


Example 5. Prove that for all n > 412 there are positive integers 


XL1,.--,X2n such that 
1 1 1 
ty Lg Ln, 
Solution. We have 
ee 
a> (2a) (2a)3’ 


where the right-hand side consists of eight summands, so if the equa- 


tion (1) is solvable in positive integers, then so is the equation 


2 ah di ap 
cl v3 Ua 


Using the method of mathematical induction with pace 7, it 


suffices to prove the solvability of the equation (1) for n = 


1.5 The Method of Mathematical Induction 45 


412,413,...,418. The key idea is to construct a solution in each 
of the above cases from smaller ones modulo 7. 


Observe that 


= = Land 27=412 (mod 7), 
Stag toga land 449 +36 =49 = 413 (mod 7), 
< “y= Land 4432 =36=414 (mod 7), 
wrt op = land 18 + 243 = 261=415 (mod 7), 
at gt gg = land 18+ 16+ 144 = 178 = 416 (mod 7), 
or tae tog tags = land 44164364144 = 200 =417 (mod 7). 


Finally, 


4 9 81 324 


Exercises and Problems 


1. Prove that for all integers n > 2 there are odd integers x, y such 


that |x? — 17y?| = 4”. 
(Titu Andreescu) 
2. Prove that for all positive integers n, the equation 
a? + ay +y? = 7” 
is solvable in integers. 
(Dorin Andrica) 
3. Prove that for each positive integer n, the equation 


(a? + y?)(u? + v? + w?) = 2009” 
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is solvable in integers. 
(Titu Andreescu) 


4. The integer t, = BRE ) is called the kth triangular number, 


k > 1. Prove that for all positive integers n > 3 the equation 


1 1 1 
—+4+—4..-4—=] 
LY x2 Ln 


is solvable in triangular numbers. 
5. Show that for all n > 6 the equation 


es pee 
rE 5 a 


is solvable in integers. 


6. Prove that for all s > 2 there exist positive integers xo, 


X1,...,25 such that 
foe See ee 
a. 0s ae aor 


and 179 < @1 <-+++ <Q. 
7. Prove that for every positive integer m and for all sufficiently 


large s, the equation 


eg a oa 
ay ais gm 
has at least one solution in positive integers 71, %2,..., Us. 


8. Prove that for any nonnegative integer k the equation 
ety? —2z2=k 
is solvable in positive integers x,y,z with « < y < z. 


(Titu Andreescu) 
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9. Prove that the equation 
Me Sy 


has infinitely many solutions in positive integers x, y. 


10. Solve in distinct positive integers the equation 
2 2 2 = 
xy + X95 a XZ90992 — 1335(a4 + %Qg+++++ £2002): 


(Titu Andreescu) 


1.6 Fermat’s Method of Infinite Descent (FMID) 


Pierre de Fermat (1601-1665) is famous for his contributions to 
mathematics even though he was considered only an amateur mathe- 
matician. Fermat received his degree in civil law at the University of 
Orleans before 1631 and served as a lawyer and then a councillor at 
Toulouse. 

Fermat had an enormous impact on the world of mathematics 
through his discoveries and methods. He was one of the first mathe- 
maticians to use a method of proof called the “infinite descent.” 

Let P be a property concerning the nonnegative integers and let 


(P(n))n>1 be the sequence of propositions, 
P(n): “n satisfies property P.” 


The following method is useful in proving that proposition P(n) 
is false for all large enough n. 


Let k be a nonnegative integer. Suppose that: 


e P(k) is not true; 
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e whenever P(m) is true for a positive integer m > k, then there 


must be some smaller j, m > Jj >k, for which P(j) is true. 


Then P(n) is false for alln > k. 

This is just the contrapositive of strong induction, applied to 
the negation of proposition P(n). In the language of the ladder 
metaphor, if you know you can’t reach any rung without first reach- 
ing a lower rung, and you also know you can’t reach the bottom 
rung, then you cannot reach any rung. 

The method described above is often called the finite descent 
method. 

Fermat’s method of infinite descent (FMID) can be formulated as 
follows: 


Let k be a nonnegative integer. Suppose that: 


e whenever P(m) is true for an integer m > k, then there must 


be some smaller integer j, m > j>k, for which P(j) is true. 


Then P(n) is false for alln > k. 

That is, if there were an n for which P(n) was true, one could 
construct a sequence n > ny > ng >--- all of which would be greater 
than k but for the nonnegative integers, no such infinite descending 
sequence exists. 

Two special cases of FMID are particularly useful in the study of 
Diophantine equations. 

FMID Variant 1: There is no sequence of nonnegative integers 


ny r>ng>c::. 
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In some situations it is convenient to replace FMID Variant 1 by 
the following equivalent form: If no is the smallest positive integer n 
for which P(n) is true, then P(n) is false for all n < no. 

FMID Variant 2: [f the sequence of nonnegative integers (ni)i>1 
satisfies the inequalities ny > ng >.---, then there exists ig such that 
Nig = Nig41 = °° 


Example 1. Solve in nonnegative integers the equation 


x + 24° = 42%, 


Solution. Note that (0,0,0) is a solution. We will prove that there 
are no other solutions. Assume that (21, y1, 21) is a nontrivial solu- 
tion. Since 7/2, \/4 are both irrational, it is not difficult to see that 
r1 >0,y1 > 0, 21 > 0. 

From x} + 2y? = 42} it follows that 2 | 21, so 7] = 2%2, 2 € Zy. 
Then 473 + y? = 227, and hence y, = 2yo, yo € Z4. Similarly, 
zy = 229, 22 © Z,. We obtain the “new” solution (29, y2, 22) with 
r1 > £2, Y1 > Yo, 21 > 2. Continuing this procedure, we construct 
a sequence of positive integral solutions (%p,Yn,2n)n>1 such that 
21 > 22 >23 >---. But this contradicts FMID Variant 1. 


Example 2. Solve in nonnegative integers the equation 
27 —-1l=cxy. 
(Putnam Mathematical Competition, reformulated) 


Solution. Note the solutions (0,k), k € Z,, and (1,1). We will 


prove that there are no other solutions by using FMID on the prime 
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factors of x. Let p; be a prime divisor of x and let q be the least 
positive integer such that p; | 24— 1. From Fermat’s Little Theorem 
we have p, | 2?!~! — 1, and therefore q < py — 1 < py. 

Let us prove now that q | x. If it didn’t, then x = kq+r, with 


O0O<r<dq, and 
27 —1=2*99" 1 
= (bape 21 
= (28S Te Peo 1 


=2"—1 (mod p1). 


It follows that p; | 2” — 1, which contradicts the minimality of q. 

Thus q| x and 1 < q < p. Now let p2 be a prime divisor of q. It is 
clear that po is a divisor of x and po < p,. Continuing this procedure, 
we construct an infinite decreasing sequence of prime divisors of x: 
pi > pz >---, in contradiction to FMID Variant 1. 

Example 3. Find the maximal value of m? + n? ifm and n are 


2 
integers between 1 and 1981 satisfying (n? —mn— m?) = 1. 


(22nd IMO) 


Solution. Note that (m,n) = (1,1) satisfies the relation (n? - 

2 
mn — m?) = 1. Moreover, if m = n, then necessarily m = n = 1. 
Also, if a pair (m,n) satisfies this relation and 0 < m < n, then 


m<n< 2m, and by completing the square we get 
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which shows that (n — m,m) satisfies the same relation and 0 < 
n-m<am. 

By FMID Variant 2, the transformation (m,n) + (n—m,m) must 
terminate after finitely many steps, and it terminates only when 
m =n = 1. Hence all pairs of numbers satisfying the relation are 
obtained from (1, 1) by applying the inverse transformation (m,n) > 


(n,m +n) several times: 
(1,1) (2,1) & (3,2) B (5,3) H---. 


The components of all such pairs are Fibonacci numbers F;,, where 


the sequence (F;,)n>0 is defined by 
Fo =0, Fy =1land Fhii = Fn t+ Fh-1, n= 1. 


Therefore, all pairs consist of consecutive Fibonacci numbers. The 
largest Fibonacci number less than 1981 is Fig = 1597, so the answer 
to the problem is F'?, + F?, = 3524578. 

Remark. In the first step of the previous solution we have used 
the fact that if a Diophantine equation is quadratic in one variable 
and we have a solution, then we can always get a second solution 
by replacing the variable by the other root of the quadratic. This 
observation is a useful idea in many other problems. 

Example 4. Let (%p)n>0 and (Yn)n>0 be two sequences defined 


recursively as follows: 


Int2 = 3%n41-—Xn, T=l, 2 =4, 


Yn+2 = 3Yn41—- Yn, Yo=l, wW=2. 


1. Prove that x2 — 5y2 = —4 for all nonnegative integers n. 
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2. Suppose that a,b are two positive integers such that a? — 5b? = 
—4. Prove that there exists a nonnegative integer k such that 


Ley =a and yz, = b. 
(Vietnamese Mathematical Olympiad) 


Solution. We first prove by induction on k that for k > 0, we have 


3xrR + SYR E+ 3YK 
2 : 2 ; 
For k S:-0; 4,2) (222, 43), and dork. = oh, (tl. by) = 


(p20, 258), 


(Le415 Yk+1) = ( 


Next, assume that our formula for (41, yx41) is true for k and 
k +1. Substituting the expressions for t449,%e41, Yk+2;Yk41 into 


(Le435Yk+3) = (8%e42—-Le+1, 38YK42—Yrq1), we find that (%,_+3, Ye+3) 


equals 


3 5 1 3 
Go — ¢) + 5 (Suit =U); 9 (StH — ¢%) + 5 (Suet = w)) 


1 1 
= Goa + 5yK42); 5 (tk+2 + Sy) ; 


This completes the induction step and the proof of our claim. 

Remark. We remark that by linearity, 7,41 — (32% + 5yz)/2 and 
Yr+1 — (LE + 3y~)/2 both satisfy the recurrence an42 = 3an41 — An 
and both have a9 = a, = 0; hence they are forever zero. 

(1) We prove that x2 — 5y2 = —4 by induction on n. For n = 0 
we have 1—5+4=0. Now assume that the result is true for n. We 


prove that it is true for n+ 1. Indeed, 


2 _ Bae = 3Ln + 5Yn ar: Ln + 3Yn 2 
Tn41 Yn+1 = ae a 


dart, — 20y7, 2 5y2 
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as desired. 
Remark. The sequences (%n)n>0, (Yn)n>o0 are defined by second- 


order linear recurrences; hence their general terms have the form 


Sls) 34/5). 
2) of). 


ne B 


= se. and for the 


For the first sequence we have a = 


1475 B= 
2/5? 2/5 ~ 


second, a = 


We obtain 


_ 1+ JB 2n+1 i Jb 2n+1 
In = 5 + 5 ) 

* I 14 J5 2n+1 i= Jb 2n+1 
Yn = Nia 9 = 9 


Using these two relations it is not difficult to verify that x2 —5y? = 


—4,n>0. 

Note that ¢t, = Lon41 and yn = Fon41, where (Fim)m>1, (Lm)m>1 
are the well-known Fibonacci and Lucas sequences. 

(2) Suppose, by way of contradiction, that a? — 5b? = —4 for 
integers a1, 6; > 0, and that there did not exist k such that (xp, yz) = 
(a1, bi). 

Let (a2,b2) = (Ju5h, Hea)., We argue that a2 and bo are 
positive integers. This is true if a, and b, are of the same parity, 
a, < 3b;, and 3a; < 5b;. Note that 0 = at - 5b? +4=a,- 01 
(mod 2). Next, a? = 5b? — 4 < 9b? implies ay < 3b,. In addition, 
there are no counterexamples with a; = 1 or 2. Thus a? > 5 and 


0 = 5a? — 25b? + 20 < 5a? — 25b? + dat, ie., 3a, > 5dy. 
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Using the condition a? — 5b? = —4, some quick algebra shows that 


az — 5b3 = —4 as well. However, 


3a, — 5b 3b, — 
ay + by = A 4 SB Sa <a thy 


and (a2,b2) € (#;,y;) for all 7 > 0. Continuing this process, we 
construct an infinite sequence of positive integers 


a, +6; >ag+b2 >ag+b3>---, 


in contradiction to FMID Variant 1. 


Example 5. Solve in positive integers the equation 


rt+ytaty+1=czyz. 


Solution. We will prove first that z = 5. Let (21, y1, 21) be a solu- 
tion with z; 4 5. Then x, 4 yy, for otherwise x1[x1(z1 — 2) — 2] = 1, 
which is impossible if z, 4 5. 

We have 


O=e2 +y¥etart+ytl—-aiyn 


=(yz—2,-1* +y¥24+(m2—-m-D)+n 


1 — (yz — #1 — 1)y 21; 


hence (#2, y2, 22) = (yiz1 — 41 — 1,y1, 21) is also a solution, since 
r1(yiz1 — 21-1) = Yi + y, +1 > 0 implies rg = yj z1 — 471 —1>0. 
Note that if 71 > y,, then x; > y; + 1, and that 


nl > yy ty +1l=ai(yiz1 — 21-1) = 2122. 
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Hence x1 > £9. Continuing this construction, we obtain a sequence 
of positive integral solutions (xg, yx, Z~) With x] > xg > 43 >---, in 
contradiction to FMID Variant 1. 

This contradiction shows that the assumption z # 5 is false, so 
z=. 

It is not difficult to see that both x and y are odd. Performing the 


substitutions 
3x2 —1 sy —1 
= pe —_— % 
. 2” D 


(1) 


the equation becomes 


u? — 5uv + v* = —3. (2) 


Clearly, (ug, vo) = (1,1) is a solution to (2). Let (ui, v1) be another 


solution with u, > vj. Then 


v2 + (5, — uy)? +3 = 51 (5v, — uy), 
so (U2, v2) = (v1, 5v1 — U1) is also a solution to (2). From 
(uy, — vy)(uy — 401) = u? — 5uyv, + 4uf = 30? -3 >0, 


it follows that u, > 4v,; hence vg = 5v, — uy < v1. Starting from 
(u1,¥1) we construct the solutions (ug, v2), (u3,v3),... with vy > 


v2 > v3 >--:. According to FMID Variant 2, it follows that vz41 


5Up — Up and Ups = Ug, K > 1. Thus 


Uk =VUp-1, k>1, 


Uk+1 = 5UR — UR-1, Vo=l1, wy =4. 
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The sequence (vp)n>0 is defined by a second-order linear recur- 


rence; hence its general term has the form 


nn a(S471) +3(=) ie 


2 
In this case we have a = sya and B= ey and therefore 
_ 1 |[34var (5+var\""_ 3- vat (5- var)" A 
amma il 2 2 2 
1 [3s+Vai (5+V21\"  3-Vv2i (5—v2i\" 
Un = _ , n2Oo. 
V2 2 2 2 2 


Taking into account the relations (1), we obtain that all the solu- 
tions to the given equation are ( 


are defined by (3). 


ae 2vnth 5), n > 0, where tn, Un 


Exercises and Problems 


1. Find all triples (x, y, z) of positive integer solutions to the equa- 
tion 


x? + 3y> + 92° — 3xyz = 0. 
(Kiirschak Mathematical Competition) 
2. Find all integers x, y, z satisfying 
ag? + y* + 27 — 2Qayz = 0. 
(Korean Mathematical Olympiad) 
3. Solve the following equation in integers x, y, z,u: 


x + y* + 24 = 9u'. 
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4. Solve the following equation in positive integers: 
ag? — y* = Qryz. 


5. Determine all integral solutions to the equation 


a? +b? +c? =a7d’. 


(5th USA Mathematical Olympiad) 
6. (a) Prove that if there is a triple (x,y, z) of positive integers 


such that 
eo +y?+1=2yz, 


then z = 3. 
(b) Find all such triples. 


7. Solve in positive integers x,y,u,v the system of equations 
xg? +1=uy, 
yitl=vz. 


8. Find all triples (x, y, z) of positive integers that are solutions to 


the system of equations 
2x —-2y+2z2=0, 
23 — 2y3 + 234+ 32 =0. 
(Titu Andreescu) 
9. Prove that there are infinitely many triples (x,y, z) of positive 


integers such that 


x +y +27 = LYzZ. 


(College Mathematics Journal) 
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10. Find all pairs (a,b) of positive integers such that ab+a+b 
divides a? + b? +1. 


(Mathematics Magazine) 


11. Let a be a positive integer. The sequence (%,)n>1 is defined 
by 21 = 1, v2 =a, and &p42 = A%y41 + Ly for all n > 1. Prove that 


(x,y) is a solution to the equation 
|e? + ary —y?|=1 
if and only if there exists an integer k such that (x,y) = (xp, p41). 
(Romanian Mathematical Olympiad) 
12. Find all pairs (m,n) of nonnegative integers such that 
(m+n-—5)? =9mn. 
(42nd IMO USA Team Selection Test) 


13. Let x,y,z be positive integers such that ry — z? = 1. Prove 


that there are nonnegative integers a, b,c,d such that 
ga=@4+, y=e@td’, z=act+bd. 


(20th IMO Shortlist) 


1.7 Miscellaneous Diophantine Equations 


Many elementary Diophantine equations are not of the types des- 
cribed in the previous sections. In what follows we present a few 


examples of such equations. 
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Example 1. Solve in positive integers the system of equations 
g* + 3y =u", 
y? + 3a =v". 
(Titu Andreescu) 


Solution. The inequalities 
x” +3y>(e+2)?, y?+3e > (y+2)? 


cannot both be true, because adding them would yield a contradic- 
tion. So at least one of the inequalities 2? + 3y < (x + 2)? and 
y? + 3a < (y+ 2)? is true. Without loss of generality, assume 
that 27+ 3y < (w+ 2)?. Then 2? < x7 4+ 3y < (x + 2)? implies 
x? + 3y = (a#+1) or, 3y = 22 +1. We obtain z = 3k +1, y= 2k41 
for some nonnegative integer k and y? + 3x = 4k? + 13k + 4. For 
k > 5, (2k+3)? < 4k2+13k4+4 < (2k4+4)?; hence y?+3z cannot be 
a perfect square. Thus we need only consider k € {0,1,2,3,4}. Only 


k = 0 makes y? + 32 a perfect square; hence the unique solution is 


Example 2. Solve the equation 
1+, 4+ 24142 4+---4+ (n—1)01%0-++ n-1 = 11%9-°+ En 
in distinct positive integers ©1,22,...,Xn- 
(Titu Andreescu) 
Solution. Writing the equation in the form 


21(L_°°+ Ln — (N—1)tQ+-++Mpy_-1 — +++ — 2aQg-1) = 1 
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yields x; = 1 and 
£o(43°++ Ln — (n—1)e3--- Sn — +++ — 843 — 2) = 2. 
Because x2 # #1, it follows that x2 = 2 and that 
3(L4°-+ Xn — (N—1)aq-++ yy — ++: — 4a4 — 3) = 3. 


We have 23 # x2 and x3 4 2x1; hence x3 = 3. Continuing this 


procedure (which amounts to a “finite induction”), we obtain 
g=1, %2=2,..., %_-1~=n-l1. 
Finally, it follows that (n—-1)(tn —(n—-1)) =n—-1l,ie., tn =n. 
Remark. Substituting into the equation yields the identity 
1+1-1!4+2-2!+---4+(n—-1)-(n-1)!=nl. 
Example 3. Solve in positive integers the equation 


7 407 +47 = y’. 


Solution. If x is odd, then 7° + a4 + 47 = 3 (mod 4), and since 
there are no perfect squares of this form, there are no solutions in 
this case. 

Suppose that « = 2k, for some positive integer k. For k > 4, we 


have 


(22 or Oh) ar (7 Ea 


Indeed, the left inequality is clear, and the right one is equivalent to 


8k* + 23 < 7*, which can be justified using mathematical induction. 
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We need only consider & € {1,2,3}. Only k = 2 yields a solution. 
Thus x = 4, y = 52 is the unique solution. 

Example 4. Let M be the number of integral solutions to the 
equation 


y= 2-8 


with the property 0 < x,y,z,t < 10°, and let N be the number of 


integral solutions to the equation 
gy 8-41 
that have the same property. Prove that M > N. 
(21st IMO Shortlist) 
Solution. Write down the two equations in the form 
et Pays, 248-4? 42341, 


and for each k = 0,1,2,..., denote by nz the number of integral 
solutions of the equation u? + v? = k with the property 0 < u,v < 
10°. Clearly, nz, = 0 for all k greater than | = (10°)? + (10°)?. Now 


a key observation follows: 
M=nit+n?+---+n? and N = non, + nyng +--+ + my_yN1. (1) 


To prove, for example, the second of these equalities, note that to 
any integral solution to 27+ ¢? = y?+ 2341 with 0 < z,y,z,t < 10° 


there corresponds a k (1 < k < 1) such that 


PEP sk. 4 he Sk a1, (2) 
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And for any such k, the pairs (x,t) and (y, z) satisfying (2) can be 
chosen independently of one another in nz and ng_1 ways, respec- 
tively. Hence for each k = 1,2,...,/ there are ng_ nx solutions of 
g? +28 = y?4 2341 with 224+ = y?+2341=k, which implies 
N = noni + nyng +--+ + nj_1n. The proof of the first equality in 
(1) is essentially the same. 

It is not difficult to deduce from (1) that M > N. Indeed, a little 


algebra shows that 


— 


M—N = =[no+(no—11)? + (ni —ne)? +-+-+(m_-1—m)? +n}7] > 0, 


i) 


since no # 0 (in fact, no = 1). 
Example 5. (a) Prove that there exist infinitely many triples 


(x,y,z) of integers satisfying the equation 
a? + 2y? + 423 — 6ryz = 1. (1) 
(b) Determine, with proof, all of the integer solutions of (1). 
(USA Proposal for the 38th IMO) 


Solution. (a) Let s be the real cube root of 2 and w = e?7*/3, Then 


(1) may be rewritten, by factoring the left side, as 
(« +yst+ zs”) (« + ysw + 2°w") (« + ysw? + 2s°w) = (2) 


Let (41,41, 21) = (1,1,1), which clearly constitutes a solution of 


(1). Then it is also clear that the triple (%p, Yn, Zn) defined by 
oe ove 
In + YnS + 28 = (%1+Yy184+ 218 


is also a solution of (1) for any n € Z (and are such triples all 


distinct). 
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(b) The only solutions are those triples of the form (an, Yn, Zn) 
or (—%n,;—Yn; —2n) for some n € Z. More precisely, we show that if 
(x,y,z) is a solution of (1) with 2+ ys + zs? > 0, then (x,y,z) = 


(2n;Yn; Zn), Where n is the unique integer such that 
(l+s+s?)"<a+ystzs* <(1+s+s?)""1. 
Define the new solution (u,v, w) by the relation 
utvus+ws* =(e£+yst+zs")(1+s+s7)™, 


so that 1 < utvs+ws? <1+s+4+s?. 
We have 


gyx? 
1> (u + us + Ws ) 
— (u + USwW + ws*w”) (u + usw" + wsw) 


= (w? — 2vw) + (2w? - w)s + (0? — uw) 8? 


and hence |u — vs], lus = ws", ws? = u| are all less than or equal to 


V2. 

If w > 1, then u > ws? — V2 > 0 and v > ws —s 1/2 > 0, 
sou+vs+ws? > 1+ 84 s?, a contradiction. Similarly, assuming 
w <-—1 yields u+us+ ws? < — ( +s+ 2), a contradiction. Hence 


w = 0, yielding the inequalities 
Ju - vs|, lvs|, |u| < v2. 


The second and third conditions imply —1 < u,v < 1, which 
yields only the solutions (u,v, w) = (1,0,0) or (—1,1,0). The second 
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solution does not satisfy the first condition, so (u,v,w) = (1,0,0) 


and 
ee Y; z) = (Zn, Yn» Zn); 


as desired. 


Exercises and Problems 


1. Prove that the equation 6 (6a? +36? +2) = 5n? has no solution 


in integers except a=b=c=n=0. 
(Asian Pacific Mathematical Olympiad) 
2. Determine a positive constant c such that the equation 
sy? —y?—-x+y=c 
has exactly three solutions (x, y) in positive integers. 
(United Kingdom Mathematical Olympiad) 


3. Find all triples (x,y,z) of positive integers such that y is a 


prime number, y and 3 do not divide z, and x° — y? = 2?. 


(Bulgarian Mathematical Olympiad) 
4. Determine all triples (2,k,n) of positive integers such that 
3% y= 2". 
(Italian Mathematical Olympiad) 


5. For a positive integer n, prove that the number of integral 
solutions (2,y) to the equation 2? + ry + y? = n is finite and a 


multiple of 6. 
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6. Find all positive integers n such that there exist relatively prime 


positive integers x and y and an integer k > 1 satisfying the equation 
ak 4 yk = 3", 
(Russian Mathematical Olympiad) 
7. Prove that for each prime p the equation 
2P + 3P = q” 
has no integer solutions (q,n) with q,n > 1. 
(Italian Mathematical Olympiad) 


8. Determine all pairs (a,b) of integers for which the numbers 


a? + 4b and b? + 4a are both perfect squares. 
(Asian Pacific Mathematical Olympiad) 


9. A rectangular parallelepiped has integer dimensions. All of its 
faces are painted green. The parallelepiped is partitioned into unit 
cubes by planes parallel to its faces. Find all possible dimensions 
of the parallelepiped if the number of cubes without a green face is 


one-third of the total number of cubes. 
(Bulgarian Mathematical Olympiad) 
10. Find all integer positive solutions (x,y, z,t) to the equation 
(x+y)(yt z)(z+ x) = tayz 
such that gced(x, y) = gcd(y, z) = ged(z, x) = 1. 


(Romanian Mathematical Olympiad) 


ez 


Some Classical Diophantine Equations 


2.1 Linear Diophantine Equations 


An equation of the form 


Q{X, +++ + AnIn = C, (2.1.1) 
where @1,@2,...,@n,0 are fixed integers, is called a linear Diophan- 
tine equation. We assume that n > 1 and that coefficients a1,...,an 


are all different from zero. 

We begin with the case n = 2. The main result concerning lin- 
ear Diophantine equations is the following (see also the lemma in 
Example 5 of Section 1.3). 

Theorem 2.1.1. Let a,b,c be integers, a and b nonzero. Consider 


the linear Diophantine equation 


at by =: (2.1.2) 


T. Andreescu et al., An Introduction to Diophantine Equations: A Problem-Based Approach, 67 
DOI 10.1007/978-0-8176-4549-6_2, © Springer Science+Business Media, LLC 2010 
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1. The equation (2.1.2) is solvable in integers if and only if d = 
gcd(a, b) divides c. 


2. If (x,y) = (x0, yo) is a particular solution to (2.1.2), then every 


integer solution is of the form 


b a 
~ -—t, y=y—-t, 213 
L=XOt+ 7 Y = Yo 7d ( ) 


where t is an integer. 


3. If c= ged(a,b) and |a| or |b| is different from 1, then a partic- 
ular solution (x,y) = (20, yo) to (2.1.3) can be found such that 


|xo| < |b] and |yo| < al. 


Proof. 1. If d does not divide c, then the equation is clearly not 
solvable. If d divides c, then, dividing both sides of (2.1.2) by a. it 
suffices to prove that d is a linear combination with integer coeffi- 
cients of a and 6. For this we use the Euclidean algorithm. 

Suppose a = bq+,r for integers a,b,r, and q. It is easy to see that 
every common divisor of a and 6 is a common divisor of 6 and r, and 
conversely. Clearly, if b | a, then gcd(a,b) = b. In general, we have 
gcd(a,b) = gcd(b,r). These observations lead to a straightforward 
calculation of the gcd of two numbers. To be systematic, we write 


a=r_, and b = 19 (assumed positive and a > b): 


r_1=Togo+"1, 0<11 <1, 
ro= 710 +72, O0<rg<1r1, 
ry =7eq2 +73, O<7r3 <1, 


ro = 17393 + 14, O0<14 < 73, 
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This division process eventually terminates, since the remainders 


get smaller and smaller, 
Ti>Tro>m>T2>:::, 


and yet remain nonnegative. In other words, some r,, divides the 


preceding r,—1 (and leaves a remainder r,41 = 0). 


We obtain 
Tn—2 =Tn-19n-1 + Tn, O< Tn <Tn-1, 
Tn-1 = Tn dn- 
From these, 
Pe =LCd (Ty Ast) = Sed Fy) Ss = Bed 4s Fo). — Bed (a,b): 


The above calculation of gcd(a,b) can be retraced to give gcd(a, b) 
as an integer combination of a and b. 


Define the integers x, and y, recursively by 


Le = Le-2 — WUk-1Vk-1, rjy=l1, xrw=0, 


Yk = Yk—2 — Tk-1Vk-1; i= 0; “go= 
In each of these steps, r, = axz + by,. In particular, 
gcd(a, b) = rn = adn + OYn- 


It can be checked that (x;) and (y;) alternate in sign, |ap44| = 
b/ gcd(a, 6), and |y%+41| = a/gced(a,b). It follows that |x| < b and 


lYn| < a unless n = 0 and qo = 1, that is, unless a = b = 1. 
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2. We have 


b a 
art by=a(0+ 3) +6(0 ~ 51) = axo + byo = ¢. 


3. The result has already been proven in part 1. 


The central result concerning the general linear Diophantine equa- 
tion (2.1.1) is the following: 
Theorem 2.1.2. The equation (2.1.1) is solvable if and only if 


BEd Gig 225.Gy)| 


In case of solvability, one can choose n—1 solutions such that each 
solution is an integer linear combination of those n — 1 solutions. 
Proof. Let d = ged(a1,...,@n). If c is not divisible by d, then 
(2.1.1) is not solvable, since for any integers 71,...,@p, the left-hand 
side of (2.1.1) is divisible by d and the right-hand side is not. 
Actually, we need to prove that gcd(x1, %2,...,2p) is a linear com- 
bination with integer coefficients of 71, %2,...,@%,. For n = 2 this 


follows from Theorem 2.1.1. Because 


ROd (45.05 ey) = ed (Bed. yt) ns 


gcd(21,...,@n) is a linear combination of x, and gcd(x1,...,2p—1). 
Then inductively gcd(x,...,%,) is a linear combination of 
TM1,+++5Un—-1,Un- 


Example 1. Solve the equation 


3x + 4y+5z = 6. 
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Solution. Working modulo 5 we have 3x + 4y = 1 (mod 5), and 
hence 


3x4+4y=1+5s, seEZ. 


A solution to this equation is c = —1+ 3s, y= 1-—s. Applying 
(2.1.3), we obtain x = —1+ 38+ 4t, y= 1-5 —-3t, t © Z, and 
substituting back into the original equation yields z = 1 — s. Hence 


all solutions are 
(x,y,z) =(-14+3s8+4+ 4t,1-—s—3t,1-—s), s,teEZ. 


For any positive integers a1,...,@, with gced(aj,...,@,) = 1, 
define g(a1,...,@n) to be the greatest positive integer N for which 
the equation 


41%, +++: +G4n%y = N 


is not solvable in nonnegative integers. The problem of determin- 
ing g(a1,.-.,@n) is known as the Frobenius coin problem (it was he 
who posed the problem of finding the largest amount of money that 
cannot be paid using coins worth aj,...,d@,, cents). 

Example 2. (Sylvester, 1884) Let a and b be positive integers with 
gcd(a,b) = 1. Then 


g(a,b) =ab—a-—b. 


Solution. Suppose that N > ab—a-— b. From (2.1.3) it follows 
that the solutions to the equation ax + by = N are of the form 
(x,y) = (xo + bt, yo — at), t € Z. Let t be an integer such that 


0< yo —at <a—1. Then 


(xp + bt)a = N — (yo — at)b > ab—a— b- (a—1)b=—a, 


72 Part I. Diophantine Equations 


which implies xp + bt > —1, ie., x9 + bt > 0. It follows that in this 
case the equation ax + by = N is solvable in nonnegative integers. 
Thus 

g(a,b) <ab—a-—b. 


Now we need only to show that the equation 
ax + by = ab—a-—b 
is not solvable in nonnegative integers. Otherwise, we have 
ab = a(a@ +1) + b(y + 1). 
Since gcd(a, b) = 1, we see that a | (y+ 1) and b| (x +1), which 
implies y+1>aandx2+1> 0. Hence 
ab = a(x+1)+d(y+ 1) > 2ab, 
and this contradiction shows that 
g(a,b) > ab—a-—b. 


Therefore g(a,b) = ab—a-— b. 

Remarks. (1) The case n = 3 was first solved explicitly by Selmer 
and Beyer, using a continued fraction algorithm. Their result was 
simplified by Rodseth and later by Greenberg. 

(2) No general formulas are known for n > 4. However, some upper 


bounds have been proven. In 1942, Brauer showed that 


dj 
glany.--stn) < Yai ( 1). 
i=l 4 


where d; = gced(aj,...,a;). Erdés and Graham (1972) showed that 


a 
Gagan) 26g =| — An, 
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and that 
t 2t? 
—st< 7(n, t) <—_, 
n— n 
where 
t)= abe ; 
MGs ) ete ene gar, : Gn) 
Suppose that the equation 
Q121 ++ + AmIm = N, 
where @1,...,@m > 0, is solvable in nonnegative integers, and let A, 


be the number of its solutions (#1,...,2%m). 


Theorem 2.1.3. (1) The generating function of the sequence 


(An)n>1 18 


1 
f(z) = @=9),, 1d =e) Iz] <1, 


(2.1.6) 


that is, A, is equal to the coefficient of x” in the power series 


expansion of f. 
(2) The following equality holds: 


1 
An = 


Spl) 
on iO): 
Proof. (1) Using a geometric series, we have 


1 


ae k=1,...,m; 


hence 


f(a) = (Lt a™ 47 4.) (1 om 4 2m 4... 


=1+Ayr+---+ Apna" 4+---. 


(2.1.7) 


74 


(2) Passing to the nth derivative, we obtain formula (2.1.7). 
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Example 3. Find the number of pairs (x,y) of nonnegative inte- 


gers such that 


r+2y=n. 


Solution. From Theorem 2.1.3 it follows that the desired number 


is 
An = —F(0), 
n! 
where 
f0=—— 
(pa) 
We have 
1 1 1 1 1 1 
Ia gale A ead, A Ed 
hence 
1(-1)"(n+1)! 1 (-1)"n! 1 (-1)"n! 
(ise. = ate oP SN et 
ne (t) 2) (t = 1)n+2 A (t = 1 jee Ee 4 (t + 1 a j 
Thus 
(n)qy _ (2+! mt | (-1)"n! 
f"(0) Bo gg 
and 
1 2 —1)” 
(n)(Q) = meet ) 


Exercises and Problems 


1. Solve the equation 


6x + 10y —15z = 1. 
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2. Let a,b,c be pairwise relatively prime positive integers. Show 
that 2abc—ab—bc—ca is the largest integer that cannot be expressed 


in the form xbc + yca + zab, where x,y, z are nonnegative integers. 
(24th IMO) 


3. Find the number of triples (zx, y, z) of nonnegative integers such 
that 


ert+tyt2z=n. 


4. Determine the positive integer n such that the equation 
r+2y+z=n 


has exactly 100 solutions (x, y, z) in nonnegative integers. 
5. Let a,b, c,d be integers such that for all integers m and n there 
exist integers x and y for which ax + by = m and cx + dy = n. Prove 


that ad => be = +1. 


(Edtvés Mathematics Competition) 


6. Let n be an integer greater than 3 and let X be a 3n?-element 
subset of {1,2,...,n°}. Prove that there exist nine distinct numbers 


@1,@2,...,@9 in X such that the system 


ax + agy + a3z = 0, 


agx + asy + agz = 0, 


a7x + agy + agz = 0, 


is solvable in nonzero integers. 


(Romanian Mathematical Olympiad) 
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7. Let 


Q4141, + 442%Q +-°+3 + A1ql¢q = 0, 


A211 + age%g + +++ + Aag%q = 0, 


Ap1L1 + Ap2%q + +++ + ApgXq = 0, 


be a system of linear equations, where gq = 2p and aij € {—1,0, 1}. 
Prove that there exists a solution (x1, %2,...,@ ) of the system with 
the following properties: 

(a) x; is an integer for every j = 1,2,...,q; 

(b) there exist j such that x; 4 0; 


(c) |aj;| <q for every j = 1,2,...,¢. 


(18th IMO) 


2.2. Pythagorean Triples and Related Problems 


One of the most celebrated Diophantine equations is the Pythagorean 


equation 


hy Se: (2.2.1) 


Studied in detail by Pythagoras in connection with the right triangles 
whose side lengths are all integers, this equation was known even to 
the ancient Babylonians. 

Note first that if the triple of integers (xo, yo, zo) satisfies equation 
(2.2.1), then all triples of the form (k2o, kyo, kz), k € Z, also satisfy 
(2.2.1). That is why it is sufficient to find solutions (x, y, z) to (2.2.1) 
with gcd(x,y,z) = 1. This is equivalent to the fact that x,y,z are 


pairwise relatively prime. 
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A solution (20, yo, 20) to (2.2.1) with x9, yo, 29 pairwise relatively 
prime is called a primitive solution. It is clear that in a primitive 
solution exactly one of xg and yo is even. 

Theorem 2.2.1. Any primitive solution (x,y,z) in positive inte- 


gers to the equation (2.2.1) with y even is of the form 


c= —rn, y=2mn, 2=m? +n?, (2.2;2) 


where m and n are relatively prime positive integers such thatm >n 
and m+n is odd. 


Proof. The integers x and y cannot both be odd, for otherwise 


gaa? +y?=2 (mod 4), 


a contradiction. Hence exactly one of the integers x and y is even. 


The identity 
2 2 2 
(m? — n?) + (2mm) = (m? + n?) 


shows that the triple given by (2.2.2) is indeed a solution to the 
equation (2.2.1) and y is even. Because « must be odd, we may 
assume without loss of generality that m is odd and n is even. 


Moreover, if gcd (m? —n?,2mn,m? + n?) = d > 2, then d divides 


and d divides 
Qn? = (m? + n?) = (m? = n?). 
Because m and n are relatively prime it follows that d = 2. Hence 
m? + n? is even, in contradiction to m odd and n even. It follows 


that d= 1, so the solution (2.2.2) is primitive. 
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Conversely, let (x,y, z) be a primitive solution to (2.2.1) with y = 
2a. Then x and z are odd, and consequently the integers z + x2 and 
z—a« are even. Let z+ a = 2b and z— x = 2c. We may assume 
that 6 and c are relatively prime, for otherwise z and x would have a 
nontrivial common divisor. On the other hand, 4a? = y? = z?—2? = 
(z+2)(z—2) = Abe, ie., a? = be. Since b and c are relatively prime, 


it follows that b = m? and c = n? for some positive integers m and 


n. We obtain that m+n is odd and 


g=b—-c=m—-n?, y=2mn, z=b4+c=m?4+n’. 


A triple (x,y,z) of the form (2.2.2) is called primitive. In order 
to list all primitive solutions to equation (2.2.1), we assign values 
2,3,4,... to m and then for each of these values we take those inte- 
gers n that are relatively prime to m and less than m. 

Here is a table of the first 20 primitive solutions listed according 
to the above-mentioned rule. The last column refers to the area. 


3/4] 5 6 


1 


mo Ob Ob Oo Oo ODO WO N 


KH 
j=) 


2 
3 
4 
4 
5 
5 
6 
6 
7 
7 


KH 
j=) 
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Corollary 2.2.2. The general integral solution to (2.2.1) is given 
by 


a—k(m?—n?), y=2kmn, z= k(m?+4+n?), (2.2.3) 


where k,m,n © Z. 


The immediate extension to equation (2.2.1) is 
ety +2 =t?. (2.2.4) 


The positive solutions (zx, y, z,t) to (2.2.4) represent the dimensions 
and the length of the diagonal of a rectangular box. We want to find 
all situations in which these components are all integers. 

Theorem 2.2.3. All the solutions to equation (2.2.4) in positive 
integers x,y,z,t with y,z even are given by 


2 Deis 2 2 2 
c= alec y = 2, zZ=2m, — selec SL (2.2.5) 
nr nr 


where l,m are arbitrary positive integers and n is any divisor of 
1? + m? less than V1? + m?. Every solution is obtained exactly once 
in this way. 

Proof. The identity 

pe nue ny + (21)? + (2m)? = oe zs =) 
n n 

shows that the quadruple in (2.2.5) is a solution to equation (2.2.4) 
and that y and z are even. 

Conversely, note that at least two of the integers x,y,z must be 
even; otherwise, t? = 2,3 (mod 4), a contradiction. Suppose that 
y = 21, z = 2m for some positive integers / and m. Setting t—2 = u, 


we obtain 


a? +42? 4+4m? =(e2+u)?, or wu? = 4(1? +m?) — Que. 
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Therefore u? 


is even, so u = 2n for some positive integer n. It 
follows that x = Ptminn? andt=a#+u=2+4+2n = Ptmitn’ 
where 1,m,n are positive integers and n is a divisor of 1? + m? less 
than Vl? + m?. 

It is not difficult to see that every solution (x,y, z,t) to (2.2.4) 


with y and z even is obtained exactly once from the formulas (2.2.5). 


Indeed, by (2.2.5) we have 1 = §,m = §, n ue: hence the integers 


l,m,n are uniquely determined by (2, y, z,t). 

Theorem 2.2.3 not only states the existence of the solutions to 
equation (2.2.4) but also gives a method for finding these solutions. 
It is not difficult to see that in order to eliminate the solutions with 
reversed unknowns we may reject the pairs (/,m) with | < m and 
consider only those n for which x is odd. Hence we eliminate also 
the solutions for which x, y, z,t are all even. 


Here are the first 10 solutions obtained in this way. 


2 
3 
3 
3 
3 
3 
4 
4 
4 
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Remarks. (1) A well-known way to produce “Pythagorean 


quadruples” is 


g=P4+m—-n?, y=2lm, z=2mn, t=P+m? +n’, 
where /,m,n are positive integers. It is also known that not all 
quadruples are generated in this way; for instance, (3,36,8,37) is 
excluded. On the other hand, this family of solutions is quite similar 
to the family of solutions to (2.2.1). 
(2) The following formulas produce all Pythagorean quadruples of 


integers: 


g=m? +n? —p? —- ¢, 
y = 2(mp + nq), 
e= 2(np c mq), 


t=m+n2+p?+¢, 


where m,n, p,q are arbitrary integers. For a proof that uses Gaussian 
integers see Section 4.1. 


(3) The equation 
wit apt: +aZ= 274, (2.2.6) 


is the natural extension of (2.2.1) and (2.2.4). From a geomet- 
rical point of view, the solutions (x1, 22,...,U%%,@%41) represent 
the dimensions x1,22,...,2% of a cuboid in R* and the length 
Lp41 Of its diagonal, respectively. All positive integer solutions 


(%1,22,---,; Uk, R41) with ged(x1,22,...,2%) = 1 to the equation 
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(2.2.6) are given by 


1 
ay = =(m} +m} +--+ mp_y — mz), 


Lk = —Mp_-1™Mkz, 
q 
1 
Th41 = A +m). 


Here m1,™mo,...,m, are arbitrary integers and g > 0 is taken such 
that gtd (a7, 9.025%) = 1. 
(4) For k = 5, arguments involving spinors in physics produce 


Pythagorean hexads: 


zy =m —n?, 


1 2(nomy nymMo m3n2 magns3), 


G3 2(noma2 N2™Mo M1NZ m3n1), 
r4 = 2(ngm3 — n3zmMq + Mgn1 — M41N2), 
5 = 2mn, 


r= m + n, 
where m,n, 79,771, M2, M3, N09, 1, 2,73 are integers such that 
Mn = MoNo + MN, + MeN2 + ™M3N3. 


Example 1. (the “negative” Pythagorean equation) Solve in posi- 


tive integers the equation 


ge by ASe 4. (2.2.7) 
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Solution. The equation is equivalent to 
xy 2 
ot y? = (=) . 
z 


This means that z | xy and that x? + y? is a perfect square. Then 


x? + y? = t? for some positive integer t, and the equation becomes 


ae (2.2.8) 


Let d = gcd(z,y,t). Then x = ad, y = bd, t = cd, where a,b,c € 
Z4 with gcd(a, b,c) = 1. Equation (2.2.8) reduces to 


abd 
=— —_., 2.2.9 
: (2.2.9) 

From the choice of ¢ it follows that 
a +b =e’; (2.2.10) 


hence a,b,c are pairwise relatively prime. Then using (2.2.7), we 


deduce that c | d, i.e., d= kc, k € Z,. We obtain 
g=ad=kac, y=bd=kbe, t=cd=kc*?, z=kab. 


Taking into account (2.2.10) and the formulas (2.2.2), we have 
a= m?—n?, b = 2mn, c = m? + n?, where the positive integers 
m and n satisfy the conditions in Theorem 2.2.1. The solutions to 


equation (2.2.7) are given by 
CS k(m! _ n'), y= 2kran(m? + n?), Z= 2kran(m? = n?), 


where k,m,n € Z, and m>n. 
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Remark. If a,b,c are positive integers satisfying 


| es Saeed 
alee 


then a* + b4 + c4 is a perfect square. Indeed, 
ab? = be? + 7a? 
and 


ett e Hat 4 8430 =e —2ca* = (a? +0? — 2). 


Example 2. Prove that there are no two positive integers such 
that the sum and the difference of their squares are also squares. 
Solution. The problem is equivalent to showing that the system of 


equations 


2 2 2 

uw +y = 2, 
2 (2.2.11) 

2 2 


xg? —y*=w", 
is not solvable in positive integers. 
Assume, for the sake of contradiction, that (2.2.11) is solvable 
in positive integers and consider a pair (,y) such that x? + y? is 
minimal. It is clear that gcd(x,y) = 1. Adding the equations of the 
system yields 
Qn? = 274 w, (2.2.12) 
hence z and w have the same parity. It follows that z+w and z—w 


are both even. Write (2.2.12) in the form 


2 2 
2 (%rw zZ—W 
ea a) 
Moreover, gcd (x, atu a5) = 1. Indeed, if 


ped (4 * —*) —~d>2, 


a. 
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then d | x and d | (4" + 5") = «. From the first equation in 
(2.2.11) we then obtain d | y, in contradiction to gcd(z, y) = 1. 
Applying Theorem 2.2.1, we get 


or 


Ee iy, zZ+w 2 2 
2 2 


Since 2y? = z? — w?, in either case we have 


Qy? = 2(m? — n*) -4mn, 


and hence 


y* = 4mn(m? — n”). 


It follows that y = 2k, for some positive integer k, and that 
k? = mn(m+n)(m—n). (2.2.13) 


Since m and n are relatively prime and m+ n is odd, the integers 
m,n,m+n,m—n are also pairwise relatively prime; hence from 
(2.2.13) we deduce that m = a?,n =b?, m+n =c?, andm—n = d?, 
for some positive integers a,b, c,d. But a2+b? = 2 and a? —b? = d?, 


i.e., (a,b,c, d) is also a solution to the system (2.2.11). Moreover, 
a? +b? =mt+n<4mn(m — n?) = 7? <2? +y’, 


in contradiction to the minimality of x? + y?. 


Example 3. Solve the following equation in positive integers: 


a? + y? = 1997(x — y). 
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Solution. The solutions are 
(x,y) = (170,145) and (2,y) = (1827, 145). 
We have 


x? +y? = 1997(x — y), 


(e+y) + ((2-u)’ -2-1997¢2 - »)) ~0 


2 
(e+y) + (1997-2 +y)? = 1997". 


Since x and y are positive integers, 0 < x+y < 1997 and 0 < 
1997 —x+y < 1997. Thus the problem reduces to solving a? + b? = 
19977 in positive integers. Since 1997 is a prime, gcd(a,b) = 1. By 
Pythagorean substitution, there are positive integers m > n such 


that gcd(m,n) = 1 and 


1997 = m? + n?”, a= 2mn, b=m?—n?. 


Since m?,n? = 0,1,—1 (mod 5) and 1997 = 2 (mod 5), m,n = 
+1 (mod 5). Since m?,n? = 0,1 (mod 3) and 1997 = 2 (mod 3), 
m,n = +1 (mod 3). Therefore m,n = 1,4,11,14 (mod 15). Since 


m > n, 1997/2 < m? < 1997. Thus we need to consider only m = 


34, 41,44. The only solution is (m,n) = (34, 29). Thus 
(a,b) = (1972, 315), 


which leads to our solution. 


Example 4. Find all quadruples (x,y, z,w) such that 


ety t22taytyz+ ze = 2’. 
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Solution. Write the equation as 


(c+y)?+(y+2)? +(z+2)* = (Qw)?’. 


From Theorem 2.2.3, 


Plies? 
r+y= = a y+z=2l, z+a2=2m, 
n 
P +m? +n? 
2w = ——————_ 


’ 
n 


where n | 1? + m?. It follows that all desired quadruples are 


ey aa 


r=m—I+ , y=l—mt 
2n 


1? +m? — n? 


2n : 


Pan? =n? A ae 
z=l+m— ——— a ae, 


where the positive integers /,m,n are chosen such that x, y, z are all 
positive and 2n | 1? +m? +n?. 


Exercises and Problems 


1. Prove that the system of equations 


is not solvable in positive integers. 


2. Let m and n be distinct positive integers. Show that none of 


the numbers 2(m* + n*), m4 + 6m?n? +n‘ is a perfect square. 


3. Prove that the equation 


ry? = aa Ape v*) 


has no solution in positive integers. 
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4. Prove that the equation x? + y? = G + bP) 2°, where a and b 
are nonzero given integers, has infinitely many solutions. 


5. Find all quadruples (2, y, z, w) of positive integers such that 
ryt yeZ+ 2x =w’, 


6. Prove that there is no Pythagorean triangle whose area is a 
perfect square. 

7. Prove that the number of primitive Pythagorean triangles with 
a given inradius r is a power of 2 if r is integer. 


8. (a) Solve the equation x? + y? + 2? — ay — yz — za = t?. 


(b) Prove that the equation u? + v? + w? = 2t? has infinitely many 


solutions in positive integers. 


(Titu Andreescu and Dorin Andrica) 


2.3 Other Remarkable Equations 


2.3.1. Some Quadratic Diophantine Equations and Related 
Problems 

We begin by presenting a simple but useful equation that has nu- 
merous applications. 


Theorem 2.3.1. All integer solutions to the equation 
ry = zw 


are x = mn, y = pq, Z = Mp, w = ng, where m,n,p,q are integers 
and gcd(n,p) = 1. 

Proof. Write the equation as = = 7 and denote by 2S the corre- 
sponding irreducible fraction. Then set 


GZ yw 
m=—-=- and q=-=-—. 
n op p mn 
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Remarks. (1) For all positive integers x,y, z,w satisfying ry = 


zw, the integer N= x+y+2+w is composite. Indeed, 
aN=2?+aytaztow=2?+2wteztaowa=(e+2)(r+w) 


and the conclusion follows. 

(2) A special case is the equation ry = z?. All integer solutions 
to this equation are « = km?, y = kn?, z = kmn, where k,m,n are 
integers and gcd(m,n) = 1. 

Example 1. /f there are two distinct unordered pairs (x,y) of 


positive integers satisfying the equation 


then n is composite. 

Solution. Let (a,b) and (c,d) be two such solutions. Then a # c 
and a # d. We may assume without loss of generality that a > c. 
Then 

(a+c)(a—c) =(d+b)(d— Dd), 


so there are positive integers m,n, p,q such that 


gcd(n,p) = 1 
and 
atce=mn, a-c=pq, d+b=mp, d—b=ng¢. 
Then 
1 1 
a= 5(mn+pq), b=>5(nq—mp), 
and 


4n = 4(a? + b*) = (mn + pq)? + (ng — mp)? = (m? + @’)(n? + p?). 
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Assume by way of contradiction that n is a prime. Then without 
loss of generality, m? + q? = 2 or m? + q? = 4. In the first case 
m = q = 1, implying a = d, a contradiction. The second case is 
clearly impossible. Thus n is composite. 


Remark. All integer solutions to the equation 
e+ya2tue 


are 


x=-(mn+pq), y= =(mp—nq), 


z==z(mp+ngq), w= =(mn-— pq), 


IF ple 
wlRe Nir 


where m,n, p,q are integers. 


We continue this section by examining the Diophantine equation 


az? +acyt+y? = 2, (2.3.1) 


where a is a given integer. The Pythagorean equation is a special 
case of this equation (a = 0). 


Theorem 2.3.2. All integral solutions to (2.3.1) are given by 


x = k(an? — 2mn), xz = k(m? —n?), 
y = k(m? — n?), y = k(an? — 2mn), 
z= +k(amn — m? — n?), z =+k(amn — m? — n?), 


(2.3.2) 

where m,n € Z are relatively prime and k € Q such that (a? — 4) 
kKeZ. 

Proof. Note that the two families of solutions are given by the 


symmetry of (2.3.1) in # and y. 
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It is not difficult to check that the triples (z, y, z) in (2.3.2) satisfy 
equation (2.3.1). 

Conversely, we need to show that all solutions to (2.3.1) are of the 
form (2.3.2). In this regard, note that equation (2.3.1) is equivalent 
to 


x(a + ay) =(z—y)(z+y). (2.3.3) 


From Theorem 2.3.1 it follows that 
L=np, L+ay=mq, *2+y=nq, 2-Yy=mMp, 


for some integers m,n, p,q. 
The result is clear in the case y = z, which corresponds to © = 0 


or x + ay = 0. In all other cases (2.3.3) is equivalent to 


LG  zezry = mn 


Z-YyY «£+ay om 
for some nonzero integers m and n. The last relations lead to the 


homogeneous system 


mxz+ny—nz =), 


nz +(n—am)y —mz =0, 


whose solutions are 


We choose z = k(amn ee ae n?), where & € Q, and get the 


solutions (2.3.2). 


If k = p/q in lowest terms, then 


q | gcd (an? — 2mn,m? — n?,amn — m? — n?), 
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and hence 
q | a(an? - 2mn) +2(m’ — n?) + 2(amn ye n?) = (@ —4)n?. 
Since any prime dividing n cannot divide m? — n?, it follows that 
q|a?—4or (? —4)keZ. 

Remarks. (1) Theorem 2.3.1 solves the third-degree Diophantine 
equation 

ae? +aywty? = 27. (2.3.4) 

The general solution is (x,y, z,w), where w =a, a € Zand x,y,z 
are given in (2.3.2). 

(2) In a similar manner, we can prove that the equation 


a? + axy + by? = 27 (2.3.5) 


has infinitely many solutions, one family of which is 
t= k(m? — bn?), 
y= k(an? 2 2mn), (2.3.6) 


a +k(amn =n = bn), 


where m,n € Z are relatively prime and k € Q such that (a?—4b)k € 
Z. 

Generally, choosing k € Z gives integer solutions, but not every 
integer solution corresponds to an integral k. For instance, for a = 0 


and b = —21 the family (2.3.6) is 
CS ke(m? — 21n*), y= —2kmn, z= k(21n? - m), 


but the triple (5, 1,2) is not generated in this way. One reason is the 


following: equation (2.3.5) is equivalent to 


(20 + ay)? — (a? — 4b) y? = (22)?, 
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and if a? — 4b is not a perfect square, the ring z| a2 — 13 is not 
necessarily a unique factorization domain (see Section 4.1). 
(3) Using the above remark we can construct an infinite family of 


solutions to the Diophantine equation 


a? + Uury + vy? = 2”, 


The solutions are (x,y, z,u,v), where u = a, v = b, a,b € Z, and 
X,Y, Zz are given in (2.3.6). 
(4) The solutions in positive integers to equation (2.3.1) can be 


expressed as follows: 


x = k(2mn + an?), = k(m?—n?), 
y = k(m? —n?), y= k(2mn + an?), 
2= kl? + amn +n", 2 = kfm? + amn + n>| 


(2.3.7) 
where m,n € Z*, are relatively prime, k € Q* such that (@? _ 4) ke 
Z,n>0,2m+an> 0, and |m| > n. 

Aside from the case a = 0, for which we obtain the Pythagorean 
equation, the following two cases are of particular interest: 


The case a = 1. Equation (2.3.1) becomes 
a? + ay t+ y? = 27. (2.3.8) 


From (2.3.7) it follows that its positive integer solutions are given 


by 


= k(2mn+n?), w= k(m? =n? ; 
y= (m?—n?), y = k(2mn +n?), 
z=k m? +mn +n), z=k(m?+mn4+n?), 


94 Part I. Diophantine Equations 


where m,n € Z*_,m > n, are relatively prime and k € Q* such that 
3k € Z. 

The solutions (2.3.9) give all triples of positive integers (2, y, z) 
that are the side lengths of a triangle whose opposite angle to z is 
120°. 


The case a = —1. Equation (2.3.1) becomes 
x? — ay + y? = 2". (2.3.10) 


Its positive integral solutions are given by 


L= k(2mn—n?), L= ke(m? —n’), 
y= ke(m? —n’), y = k(2mn ~n?), 
z= k(m? — mn +n’), z= k(m? —mn+n? ; 


(2.3.11) 
where m,n € Z_,m > n, are relatively prime and k € Q*,, such that 
3k € Z. 

The solutions (2.3.11) characterize all triples of positive integers 
(x,y,z) that are the side lengths of a triangle whose angle opposite 
the side of length z is 60°. 


Example 1. Find all triples (x,y, z) of positive integers such that 


a? +ayty’ = 49". 


Solution. From the general form of the solutions in (2.3.9), the 
problem reduces to finding all relatively prime positive integers m,n 


with m > n, and k € Q, with 3k € Z such that 


ke(m? +mn+ n?) = 49, 
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In the following table we give all pairs (m,n) satisfying the in- 


equality m? + mn+n? < 49, where m > n. 


2 
3 
4 
5 
6 
3 
4 
5 
4 
5 


If k = 1, from the above table we can see that m? + mn-+n? = 49 
holds if and only if m = 5 and n = 3. In this case we obtain the 
solutions (x, y) = (39, 16) and (x,y) = (16,39). 

If k = 7 we obtain that m?+mn-+n? = 7 if and only if m = 2 and 
n = 1, yielding the solutions (x, y) = (35,21) and (a, y) = (21,35). 

The cases k = ; and k = + give m = n, which is impossible. 
Ifk= f, then we get m = 4 and n = 1, giving solutions (x,y) = 
(35,21), (21,35). 

It is natural to ask in what situations the solutions (x, y) to equa- 
tions (2.3.8) and (2.3.10) are perfect squares. 


Theorem 2.3.2. All nonnegative integral solutions to the equation 


a + gy? + y* = 27 (2.3.12) 
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are (23452) = (0,0), G2) = (0,4, 4), kKeEZ,. 
Proof. We may assume that gced(z,y) = 1. Then x and y have 
different parities, for otherwise z*? = 3 (mod 4). Suppose that y is 


odd and minimal. Write the equation in the equivalent form 
2 
Az? — (22? + y*) = 3y', (2.3.13) 


or (22 + Qe? + y’) (22 — 2x? — y?) = 3y*. 
We claim that gcd (22 12x2+y2, 22-29? y’) = 1. Indeed, assume 


that d is a prime dividing both 2z +22? + y? and 2z— 2x? — y?. Then 
d is odd and d divides both z and 2x7 + y?. From (2.3.13) it follows 
that d | 3y. If d > 3, then d | y and d | 227, ie., gcd(x,y) > d, a 
contradiction. If d = 3, it follows that 3 | z, and from (2.3.12) we 
obtain 3 | (2x? + y”), so 3 | y. Therefore 3 | x, and so ged(z,y) > 3, 
a contradiction. 

Hence, either 2z + 227 + y? = a4, 2z — 227 — y? = 304, y=abor 
22+ 227 + y? = 3a4, 2z — 2x? — y? = b*, y = ab, where a and b are 
both odd positive integers. 


In the first situation, 


4a? = a* — 2a7b? — 304 = —4 (mod 16), 


a contradiction. 


In the second case, 
Ax? = 3a* — 2a7b? — b* = G - 0°) (30? — b?). 
Since a and b are both odd, it follows that a? — b? = c* and 


3a? + b? = 4d?, for some positive integers c and d. Then a = p? + q?, 


b=p*—q’, p,q € Zy, and 


pitpetd=a, 
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which contradicts the minimality of y. 
Therefore y = 1, a = b = 1, and x = QO, yielding the solution 


(0,1,1). Taking into account the symmetry in x and y, we also have 


the solution (1,0,1), and the conclusion follows. 


Example 2. Solve in positive integers the system of equations 
3u2 + v? = 4s?, 


u? + 3v? = 4¢t?. 


Solution. Setting u= x+y and v = x—y, we obtain the equivalent 


system 


r?+ayty?=s?, 


x? —axyty? = t?, 
Multiplying the two equations gives 


a’ + x7y? + y* = (st)?. 
From Theorem 2.3.2 it follows that 
GY St) = (0,47) OF Tegsst) = (0, k, ie), 
yielding the solutions 
(u,v, s,t) =(k,k,k,k), kEZ,. 
Theorem 2.3.3. All nonnegative integral solutions to the equation 
4 


ai —g?y +y* = 2 (2.3.14) 


are (x,y,2) = (#,0,4?), (0,k,k?), (hk k?), bE Zy. 
Proof. We may assume that gcd(z, y) = 1 and that xy is minimal. 


Write the equation as 


(a — yy. + (ay)? = 27. 
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Suppose first that x and y are not both odd. Then 
gi—-y=a"—b*, xy =2ab, 


for some positive integers a and b, with ged(a,b) = 1. Let dy = 


gcd(x,b) and dz = gced(y, a). We have 
r=dX, b=dB, y=daY, a=dA, XY =2AB. 
Since gcd(X, B) = 1 and gced(Y, A) = 1, it follows that 
(X,Y)=(@A;B) or (X,Y) = (4,28). 
Hence 
w=2d,A, b=d,B, y=da,B, a=daA 


or 


L= d, A, b= a B, Y= 2d2B, a= dy A. 


In the first case, 


4d? A? = 2B? = BA? — @ B*, 


a (44? + B?) = 2 (4? za B?). (2.3.15) 

The condition gcd(a, b) = 1 implies gcd(A, B) = 1. Let ged (44? ~ 

Be. A? +B?) = D. Then D | (44?+B?— A?—B?) = 3.A?, and since 

A? + B? #0 (mod 3), it follows that gcd(D,3) = 1; hence D | A? 

and D | (2 + B?- A?) = B?. The condition gcd(A, B) = 1 now 
implies D = 1, and from (2.3.15) we obtain 


A.B? =C?. and: 49? 4B? =D? (2.3.16) 
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for some positive integers C' and D. 

We may suppose that B is odd, since if B were even, we could 
set B = 2B, and have a similar pair of equations. Hence from the 
second Pythagorean equation in (2.3.16), B = p? — q?, A = pq, 
and p* — p?q? + q* = C?. Also pq < a < xy/2, and so the method 
of descent applies, since p and q are not both odd. It follows that 
xy = 0, yielding the solutions («,0, k), (0, k, ke), KeEZ,. 


The other alternative gives 
CA 4 eee Aaa 8", 
and so 
di( a? # B?) = 2 (4 ze 4B). 


Now A= p?—q’, B = pq, and pq < b < wry/2, and so the method 
of descent applies to the product ry. 
Suppose next that x and y are both odd. Then 


ry=a?—b*, «?—y? = 2ab, with gcd(a,b) = 1, 


and so a and b are not both odd. Then 


2 2\ 2 
a — ab? + bt = (=*) : 


Hence ab = 0, x = y, giving the solution (K, k, i), KE Z4. 
Example 3. Prove that four distinct squares cannot form an arith- 
metic progression. 
Solution. Let the squares be a?,b?,c?,d?, arranged in increasing 
order. Then 
aw+e=207, +d? = 2c’. 
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Because of these relations, we may assume without loss of gener- 


ality that a,b,c,d are all odd. We have 
a? (22 _ 0°) = (7 (20? _ ey 


and so 


2(a?c _ Pd?) = ah? — cd’. 
Setting ac = x, bd = y, ab+ cd = 2z, ab — cd = 2w, we obtain 


c= y? =22w, ry= — w’, 
yielding 


2 
a4 — gy +y4 = (2 +w?) : 


From Theorem 2.3.3 it follows that ry = 0 or x = y. The first 


alternative is impossible. The second implies w = 0, so ab = cd, 


which is in contradiction toa<b<c<d. 


2.3.2. Some Higher-Degree Diophantine Equations 
Theorem 2.3.4. The equation 


gt +y* = 2 (23.17) 


is not solvable in nonzero integers. 

Proof. We need only consider x,y,z > 0. Assume that (2.3.17) 
is solvable and let (21, y1,21) be a solution with z; minimal. We 
may suppose that gcd(x1, yi, 21) = 1, and taking into account that 


(22, yi, a1) is a primitive Pythagorean triple, it follows that 


gced(x1, 41) = ged(yi, 21) = ged(z1, 21) = 1 
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and that x, and y; are of different parities. Assume that x1 is odd 


and that y; is even. Note that 
gcd (a = 97,214 vi) = 2. (2.3.18) 


Indeed, if d | (a — x?) and d | (a +2), then d | 2z, and d | 227. 
But ged(z1, 71) = 1 and z, is odd, so d= 2. 

Since yf = (a — 2?) (a + 2), it follows that one of the numbers 
z, — a7 and 2, +27 is divisible by 2 and not by 4, and that the other 


is divisible by 8. Therefore y; = 2ab and either 

m—2i=20*, 2+? = 8b (2.3.19) 
or 

mat S82 +07 = 20", (2.3.20) 


where in each case a is odd and gcd(a, b) = 1. 
The situation (2.3.19) is not possible, because it would imply 7? = 
—a‘+4b*, giving 1 = —1 (mod 4), a contradiction. Therefore we have 


the second alternative, ie., z; = a+ + 4b*, with 0 <a < z%, and 


4b4 = (@ — 1) («? + 1). 


Since gcd(a, b) = 1, we have gcd(a, x1) = 1, and we see, as in the 
proof of (2.3.18), that gcd G — £1,a7 + 1) = 2. Consequently, 
aa, =205 and a? +2, = 2y5, 


where roy2 = b. Setting a = z2, we obtain 


4,.4 2 
Ly + Yo = 29, 


with 0 < zg < 21, which contradicts the minimality of z1. 
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Corollary 2.3.5. The equation 
i +y* = 24 (2.3.21) 


is not solvable in nonzero integers. 


The study of the equation 
p+y> = 2 (2.3.22) 


is much more complicated and was first done by Euler. 
Let m and a be integers such that m 4 0 and gcd(a,m) = 1. We 


say that a is a quadratic residue modulo m if the congruence 
x =a (mod m) 


is solvable. If p > 2 is a prime and gcd(a,p) = 1, we introduce the 
Legendre symbol (4) by 


(£) 1 if ais a quadratic residue, 
—1 otherwise. 


The following result due to Euler will be useful in what follows: If 


p > 2 is a prime and gcd(a,p) = 1, then 


ar (2) (mod p). 


Theorem 2.3.6. Let n be a positive integer. The Diophantine 


equation 


a? +3y2=n 


is solvable if and only if all prime factors of n of the form 3k —1 


have even exponents. 
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Proof. We note that a prime p can be written in the form p = 
x? + 3y? if and only if p = 3 or p= 3k +1, k € Z,. Indeed, we have 
3 = 0743-17. Assume p > 3 and p = 2? + 3y”. Then ged(a, p) = 1 
and gcd(y,p) = 1. Therefore, there exists an integer y’ such that 
yy’ = 1 (mod p). From the congruence 2? = —3y? (mod p) it fol- 
lows that (a«y’)? = —3 (mod p). We use the quadratic reciprocity 
law (see Theorem 4.3.2). But gcd(ay’,3) = 1 implies (=) =r 15008 
equivalently (lies (2) = 1, ie., (2) =(-1)7 . 


From the quadratic reciprocity law we obtain 


Since (2) = (Ai: we have (£) = 1, i.e., p=1 (mod 3). 

Conversely, consider p a prime of the form 3k + 1. Then there 
exists an integer a such that a? = —3 (mod p). Moreover, there 
exist integers x,y such that 0 < x,y < \/p and p | (022? — v). It is 
clear that gcd(a,p) = 1, and if we set b = [\/p], then (b+ 1)? > p. 
There exist (b + 1)? pairs (u,v) € {0,1,...,0} x {0,1,...,b0} and 
(b+ 1)? integers of the form au +v, where u,v € {0,1,...,b}. It 
follows that there exist pairs (w1,v1) 4 (u2g,v2) such that au, + 
V1 = au2 + v2 (mod p). Assume uy, > ug and define x = uj, — ue, 
y = |v, — v9|. Therefore, 0 < x,y <b < ,/pand ax+y=0 (mod p), 
ie., a2ax? — y? = 0 (mod p) (see also Theorem 4.4.3). We obtain 
p | (@ + 3)a — (30? + y’), that is, 32? + y? = lp, where 1 € Z4. 


2 << p,0 < y’ < p, it follows that 


From the inequalities 0 < x 
Le ting, 3* 


If 1 = 1, we have p = 32? 4 y?. 
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If 1 = 2, the equality 2p = 3x7 + y? is not possible, since in this 
case the integers x,y have the same parity and we obtain 2p = 0 
(mod 4), a contradiction. 

If 1 = 3, we have 3p = 32? 4+ y?, and therefore y = 3y, and 
p=axtt 3y?. 

Now let us note that if p > 3 is a prime of the form 3k — 1 and 
p | x7 +3y?, then p |x and p| y. Indeed, if p{ x, we have gcd(p, x) = 
1, so there exists an integer y’ with the property yy’ = 1 (mod p). 
From xz? = —3y? (mod p) it follows that (xy’)? = —3 (mod p), ie., 
(=) = 1 and p=1 (mod 3), a contradiction. 

To prove the result in Theorem 2.3.6, consider n = a?b, where b 
is a square-free integer. It follows that b = []/", pi, where p; = 3 or 
pi = 1 (mod 3). Then p; = x? + 3y? and b = pypo-+- Dm = x? + 3y’, 


since it is easy to see that if ny = 27 +3y7, no = 73+3y3, then nyng = 


(x1@2+3y1y2)?+3(v1y2—x2y1)”. Finally, n = a?b = (ax)? +3(ay)?. 


Lemma 2.3.7. The Diophantine equation 
a? + 3y? = 23 (2.3.23) 


has solution (x0, yo, 20) with z odd and gcd(xo, yo) = 1 if and only 
if there exist integers a, such that a 3 (mod 2), ged(a,3G) = 1, 


and 


tg = a(a — 96°), Yo = 38 (0? - 6°), zy = a’ + 38. 


Proof. Let (x09, yo, Zo) be a triple of integers satisfying the above 


conditions. From the identity 


a (0? — oe) + 3(33(0? — wy) = (0? + 3e°): 
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it follows that (xo, yo, 20) is a solution to (2.3.23). 
Since a ~ @ (mod 2) we obtain that zo is odd. From ged(a, 33) = 
1, it follows that 


gcd (0,38(0 _ B°)) = gcd (a. a? — 6°) = gcd G — 6?) all 


and that 
2 2 _ 2 _ 
ocd (a ~ 98 38) = ged (a 38) =e 
Taking into account the condition a 4 @ (mod 2), we have 
ged (a? - 9, a — 9) = gcd ( — 86°, 0 — 6”) 
gcd (8,0 = 6°) = gcd (?,0”) =e 
To prove the converse implication, we will use induction on the num- 


ber of prime factors of zo, where the triple (Zo, yo, Zo) is a solution 


to (2.3.23) such that zo is odd and gcd(zo, yo) = 1. 


If z = 1, we have rp = £1, yo = 0, and a = +1, G = 0. Consider 
zo > 1 and let p be a prime divisor of zg. So zg = pt, where p and t 


are odd. From the equality 
(pt)? = a + By, 


and using the relation gcd(ao,yo) = 1 and the result in Theo- 
rem 2.3.6, it follows that p = 64+ 1 and there exist integers a1, (1 
such that 


p=aj + 3/f. 


Since p is a prime and p = 6k +1, we obtain gced(a,, 3G) = 1 and 
QL xz fea (mod 2) 
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From the above relation we get p? = a? + 3b?, where 
a=ai(a}-96?), b= 38,(a? - 82). 


It is not difficult to see that a 4 b (mod 2) and gcd(a,3b) = 1. We 


have 


Pe Spe = G + 3b”) («3 + 3B) = (arg + 3byo)? + 3(bap — ayo)? 


= (axp — 3byo)? + 3(bap + ayo)’. 
Also 


(bao + ayo)(bx9 — ayo) = bx2 - aye = |? A — Gi = 3b) yi 
= 0? (a8 + 3u3) — p¥y = 0728 — p¥y} 


= bp t? — p®yp. 


Therefore p? | 


(bao + ayo)(brp — ayo). Since gcd(abroyo, p) = 1, it 
follows that the relations p | bro + ayo and p | bao — ayo cannot be 
satisfied simultaneously. 


Therefore, there exists ¢ € {—1,1} such that bro —eayo = p?d. We 
obtain azo + 3ebyo = pec, t? = c? + 3d?, and 


Lo =ac+3bd, yo = e(bc— ad). 


If zo has in its decomposition n prime factors, then since zp = pt, 
it follows that ¢t has n — 1 prime factors. From ged(xo, yo) = 1 we 
obtain gcd(c,d) = 1. Taking into account that t is odd and that it 
satisfies the induction hypothesis for n — 1, we obtain integers ag 


and (2 satisfying the properties a2 # 32 (mod 2), gcd(a2, 32) = 1, 
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c= a2 (a3 = 962), d = 38 (a3 — 63) and t = a} + 363. From the 


above relations it follows that 
29 = pt= (a3-+347) (03+333) = (a102+3/1 32)? +3(a1 82-0231)”. 
Writing 
a=aja2 + 36if2, 8 =e(a2A1 — 01/2), 
we obtain z9 = a? +33? and 


rp = a(o = 96°), yo = 38 (0 = B°). 


Finally, a — 8 = aya + G12 — (a1 82+ a2A1) = (a1 — 91) (a2 — Ba) 
(mod 2), soa # 8 (mod 2). From gcd(zo, yo) = 1 it follows that 
gcd(a, 3G) = 1. 


Theorem 2.3.8. Equation (2.3.22) is not solvable in nonzero in- 
tegers. 

Proof. Assume that (2.3.22) is solvable and let (29, yo, 20) be a 
solution with royoz0 4 0 and |xoyozo| minimal. 

It is clear that two of the integers xo, yo, zo are odd. Let us assume 


that zo and yo have this property. Set 
to tyo=2u and x0 — yo = 2v, 


and we can assume that u > 0. 


We obtain xp = ut+v, yo = u— 2B, and from (2.3.22) it follows that 
2u(u? + 3v”) ee (2.3.24) 


Since xg is odd, we have that u and v are of different parities, i-e., 
u’ + 3v? is odd. From ged(29, yo) = 1 we obtain gcd(u,v) = 1 and 
gcd (2u,u? + 3v”) = gcd (u,w? + 3v?) = gcd (u,3v”) = gcd(u, 3). 
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Case 1. If gcd(u,3) = 1, then from (2.3.24) it follows that 


Qu=t?, u2+3v2=s°, and ts = zp. 


From Lemma 2.3.7, we obtain that there exist integers a, 3 such 


that gcd(a, 33) = 1, a4 B (mod 2), and 
s=07 +367, u= a(a” — 96"), v= 38(0” - 6°). 
Therefore, 2u = t? = (2a)(a—38)(a +3). The factors 2a, a—3, 
a@+3 are pairwise relatively prime, so 
2Qa=23, a-38=X?, a+36=Y°. 
We obtain 
X84 Y% = Z 
and XYZ # 0, ie., (X,Y,Z) is a nonzero integral solution to 
(2.3.22). Moreover, 
[XY Z| = */|2a(a2 — 962)| = V2u = */x0 + yo 
< |WZoyol < |xoyo20l, 
which contradicts the minimality of |xoyozo|. 
Case 2. If gcd(u, 3) = 3, then u = 3uy, and from (2.3.24) it follows 


that zo = 3z; and 
Quy (3u? + v7) = 322. (2.3.25) 


Taking into account that gcd(u,v) = 1, we obtain gcd(v,3) = 1 
and gcd (suj + v?,3) = 1. From (2.3.25) it follows that uy = 3ug, 
ug € Z, and 2ug (su? + v?) =F. 
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Since gcd (2u., 3u? + v?) = 1, we obtain 
Qug=m> and 3u? +02? =n, 


where n is an odd integer. 

Applying Lemma 2.3.7, it follows that there exist integers a, 3 
such that gcd(a,33) = 1, a4 8 (mod 2), and v = a(a?—98?), uy = 
33(a? — 87). Therefore ug = B(e ~ 5°) and m3 = 26(a—)(a+). 

Taking into account that the integers 23, a — G, and a+ £ are 
pairwise relatively prime, we obtain a — 6 = X?,a+ 3 = Z?, 26 = 


Y%, for some nonzero integers X,Y, Z. It follows that 
x3 as y3 = ZB 
and 


xv 2| = §/|28(0? - B)| < 


which contradicts the minimality of |xqyozo|. 


W2ul = 


Vito + mr < |covozo], 


Remarks. (1) Equations (2.3.21) and (2.3.22) are special cases of 
Fermat’s equation 


ge gy a (2.3.26) 


where n is an integer greater than 2 and x,y, z are nonzero integers. 

Fermat’s last theorem states that equation (2.3.26) has no nonzero 
integer solutions for x7, y,z when n > 2. 

Around 1630, Fermat wrote a note in the margin of a page of 
Diophantus’s Arithmetica: 

“T have discovered a truly remarkable proof which this margin is 


too small to contain.” 
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Fermat apparently had found a proof only for the case n = 4, but 
when his marginal note was published, this theorem became famous, 
capturing the attention of the mathematics world and remaining for 
centuries the last of Fermat’s Theorems yet to be proved. 

Through the years, many important mathematicians worked on 
special cases and solved them affirmatively. We mention here Euler 
(n = 3), Sophie Germain (n and 2n + 1 are primes, n < 100, and 
x,y,z are not divisible by n), Dirichlet (n = 5, n = 14), and Lamé 
(n = 7). Liouville and Kummer developed important mathematical 
theories in their attempts to prove Fermat’s last theorem. 

Using techniques based on Kummer’s work, Fermat’s Last The- 
orem was proved true, with the help of computers, for n up to 
4,000,000 by 1993. 

In 1983, a major contribution was made by Gerd Faltings, who 
proved that for every n > 2 there are at most a finite number of 
relatively prime integers satisfying equation (2.3.26). 

The proof of Fermat’s last theorem was almost completed in 1993 
by Andrew Wiles, a British mathematician working at Princeton in 
the USA. Wiles gave a series of three lectures at the Isaac Newton 
Institute in Cambridge, England, the first on Monday, June 21, and 
the second on June 22. In the final lecture on Wednesday, June 23, 
1993, Wiles announced his proof of Fermat’s last theorem as a corol- 
lary to his main results. His proof turned to be incomplete. 

In October, 1994, Wiles sent a new proof to three colleagues, in- 
cluding Faltings. All accepted the new proof, which was essentially 


simpler than the earlier one. 
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Pierre de Fermat died in 1665. Today we think of Fermat as a 
number theorist, in fact as perhaps the most famous number theorist 
who ever lived. It is therefore surprising to find that Fermat was in 
fact a lawyer and only an amateur mathematician. Also surprising 
may be the fact that he published only one mathematical paper in his 
life, and that was an anonymous article written as an appendix to a 
colleague’s book. But perhaps it is less surprising when we note that 
there were no mathematical journals at the time, and most scientific 
communication was carried on by private correspondance. 


(2) Euler conjectured that the equation 
ety +2" =w"” (2:3:27) 


has no integral solution if n is an integer greater than or equal to 4. 


In 1988, Noam Elkies gave the following counterexample: 
26824404 + 153656394 + 18796760* = 20615673". 


Subsequently, Roger Frye (1988) found the smallest solution to 
(2.3.27): 
958004 + 217519* + 4145604 = 4224814. 


Example 4. The equation 
ae ee (2.3.28) 


is not solvable in nonzero integers. 
Solution. We may assume that x,y,z > 0 and consider a solution 
(x,y,z) with ged(z,y) = 1 and x minimal. Then (ine) isa 


primitive Pythagorean triple, so we have the following two cases: 
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Case 1:9? = a? = 07, ¢= 2ab, 2? =a +0’, 


where a > b > 0 and gcd(a, b) = 1. It follows that 
at — b= (ay)? 


and a < 2, contradicting the minimality of x. 

Case 2: y* = 2ab, z = a? — b*, «? = a? +b’, 
where a > b > 0 and gcd(a, b) = 1. 

Since (a,b, x) is also a primitive Pythagorean triple, we may as- 
sume that a is even and b is odd. Then a = 2p? and b = q? for some 
positive integers p,q with gcd(p,q) = 1 andq=1 (mod 2). It follows 
that 


a? =4p*+q* and y= 2bpgq. 
Hence (20°, as x) is itself a primitive Pythagorean triple, and so 


Pa, Gorey 
for some positive integers r,s with r > s and gcd(r,s) = 1. 


Finally, r = u?, s = v?, for some positive integers u,v with 


gcd(u,v) = 1. Then 


and u = \/r < p < 2p” < 2, which contradicts the minimality of x. 
Alternative Proof. We may assume that x,y,z > O and that 


gcd(x,y) = 1. Write the equation as 


Ge - y*) iz + v*) =F 


It is not difficult to see that 


ged (a? —y?,2?+y") =1 or ged (x? — y?,2? +4?) =2, 
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In the first case, we obtain the system 
ety =u, 
a? —y2 = v?, 
which, according to Example 2 in Section 2.2, is not solvable. 
In the second case, we obtain 

x? —y? = 8r2, 

a? + y? = 252, 
hence 

s? + (2r)? = 2?, 

s* — (2r)? = y, 


which, by the same argument, is not solvable. 


Example 5. Solve in integers the equation 


a + y* = 227. 


Solution. Without loss of generality, we may assume that 
ged(x,y) = 1. 


Then x and y are both odd, and 
rt — yt 2 
Ze (xy)* (—*) : 


From Example 4 it follows that xyz = 0 or «+ — y* = 0, and so 


gaye =) ora? = = 


The solutions are (k, k, Ke), ke Z. 


Example 6. Solve in integers the equation 


at + 6r2y? + y? = 27. 
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Solution. Let (x,y,z) be a solution to the equation. Then 
(2ar)* + 6(2x)?(2y)? + (2y)* = (42)?. 


Setting 2x = u+v, 2y = u—v, where u,v € Z, we obtain the 


equation 
2 
(utv)i+ 6(u? — v?) + (u—v)* = 1627, 


which is equivalent to 


us + ut = 22?. 


From the previous example it follows that (u,v, z) = (k, k, K), 
yielding the solutions (x, y, z) = (0,4?) and (2.52): = (0, i, 
ke Z. 

Remark. Another variant of this problem was given in the second 


part of Problem 2 in Section 2.2. 


Exercises and Problems 


1. Let p be a prime. Find all solutions to the equation 
a+b—c—d=p, 
where a,b,c,d are positive integers such that ab = cd. 
(Mathematical Reflections) 
2. Let a,b,c be integers such that 
gcd(a, b,c) = 1 and ab+ bc+ ca =0. 


Prove that |a + 6+ c| can be expressed in the form 2? + xy + y?, 


where 2x, y are integers. 
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3. Prove that the equation x? + xy + y? = 36? is not solvable in 
positive integers. 


4. Find all pairs of positive integers such that 
a? — cy + y” = 727. 
(Turkish Mathematical Olympiad) 


5. We say that the positive integer z satisfies property (P) if z = 
x? + xy + y’, for some positive integers x and y. Prove that: 

(a) if z satisfies property (P), then so does 2”; 
(b) if z? satisfies property (P) with the additional condition that 


gcd(x,y) = 1, then so does z. 
(Dorin Andrica) 


6. Solve in integers the equation «? + 3y? = 42?. 
7. Find all triples (x,y,z) of nonnegative integers satisfying the 


equation x4 + 14x?y? + y4 = 2. 
(Ion Cucuruzeanu) 


8. Solve in positive integers the equation 


324 + 10x7y? + 3y* = 2”. 


2 b?,c? that form an arithmetic pro- 


9. Find all distinct squares a 
gression. 


10. Solve in integers the equation ry (? oa v?) = 227, 


(Titu Andreescu) 
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11. Find all integral triples (x, y, z) satisfying the equation 


at — 622y? + yt = 2. 


12. If a and b are distinct positive integers, then 2a(a? + 3b) is 
not a cube. 
13. Prove that equation x° — y® = 4z° is not solvable in positive 


integers. 
(Titu Andreescu) 
14. Prove that the system of equations 


g+y = 2", 
giz 


3 o) 


xy = 
is not solvable in nonzero integers. 


(Titu Andreescu) 


1.3 


Pell-Type Equations 


In 1909, A. Thue proved the following important theorem: 
Let f = Gnz"+an_12" '+- + -+a12+ag be an irreducible polynomial 
of degree > 3 with integral coefficients. Consider the corresponding 


homogeneous polynomial 
x 2 = 
F(a,y)=y"f (=) = OnE” + Ona" ly + +++ + ayy”) + agy”. 


For a nonzero integer m the equation F(x,y) = m has either no 
solution or only a finite number of solutions in integers. 

This result is in contrast to the situation in which the degree of 
F is 2, or n = 2. In this case, if F(x, y) = 2? — Dy?, where D is a 
non-square positive integer, then for all nonzero integers m, either 


the general Pell’s equation 


x? — Dy? =m 


has no solution or it has infinitely many integral solutions. 
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3.1 Pell’s Equation: History and Motivation 


Euler, after a cursory reading of Wallis’s Opera Mathematica, mis- 
takenly attributed the first serious study of nontrivial solutions to 
equations of the form x? — dy? = 1, where « 41 and y 40, to John 
Pell. However, there is no evidence that Pell, who taught at the Uni- 
versity of Amsterdam, had ever considered solving such equations. 
They should be probably called Fermat’s equations, since it was Fer- 
mat who first investigated the properties of nontrivial solutions of 
many important such equations. Nevertheless, Pell-type equations 
have a long history and can be traced back to the Greeks. Theon 
of Smyrna used 2/y to approximate /2, where x and y are inte- 
gral solutions to x? — 2y? = 1. In general, if x? = dy? + 1, then 
x? /y? = d+1/y?. Hence, for y large, x/y is a good approximation of 
Vd, a fact that was well known to Archimedes. Archimedes’s prob- 
lema bovinum took two thousand years to solve. 

In Arithmetica, Diophantus asks for rational solutions to equations 
of the type x? — dy? = 1. In the case d = m? +1, Diophantus offered 
the integral solution « = 2m?+1 and y = 2m. Pell-type equations are 
also found in Hindu mathematics. In the fourth century, the Indian 
mathematician Baudhayana noted that « = 577 and y = 408 is a 
solution of 2?—2y? = 1 and used the fraction at to approximate 2. 
In the seventh century, Brahmagupta considered solutions to Pell’s 
equation x? — 92y? = 1, the smallest solution being x = 1151 and 
y = 120. In the twelfth century, the Hindu mathematician Bhaskara 
found the least positive solution to Pell’s equation x? — 6ly? = 1 to 


be « = 1766319049 and y = 226153980. 
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In 1657, Fermat stated without proof that if d is positive and not 
the square of an integer, then Pell’s equation «? — dy? = 1 has an 
infinite number of solutions. For if (a, y) is a solution to x? —dy? = 1, 
then 1? = (x? — dy”)? = (a? + dy)? — (2ry)?d. Thus, (a? + dy?, 2ry) 
is also a solution to 2? — dy? = 1. Therefore, if Pell’s equation has a 
solution, then it has infinitely many. 

In 1657, Fermat challenged William Brouncker, of Castle Lynn in 


Ireland, and John Wallis to find integral solutions to the equations 
g?—15ly2=1 and 27 -—313y? =—-1. 


He cautioned them not to submit rational solutions because even 
the lowest type of arithmetician could devise such answers. Wallis 
replied with (1728148040, 140634693) as a solution to the first equa- 
tion. Brouncker replied with (126862368, 7170685) as a solution to 
the second. 

In 1770, Euler showed that no triangular number other than unity 
is a cube and none but unity is a fourth power. He devised a method, 
involving solutions to Pell’s equations, to determine natural numbers 
that are both triangular and square. 

In 1766, Lagrange proved that the equation 2? = dy? + 1 has an 
infinite number of solutions whenever d is positive and not a square 
of an integer. 


The Diophantine quadratic equation 
ax? + bry + cy? +dxz+ey+ f =0 (3.1.1) 


with integral coefficients a,b,c, d,e, f reduces in its main case to a 


Pell-type equation. We will sketch the general method of reduction. 


120 Part I. Diophantine Equations 


Equation (3.1.1) represents a conic in the Cartesian plane, so solving 
(3.1.1) in integers means finding all lattice points situated on this 
conic. We will solve equation (3.1.1) by reducing the general equation 
of the conic to its canonical form. We introduce the discriminant 
of the equation (3.1.1) as A = b? — 4ac. When A < 0, the conic 
defined by (3.1.1) is an ellipse, and in this case the given equation 
has only a finite number of solutions. When A = 0, the conic given by 
(3.1.1) is a parabola. If 2ae — bd = 0, then equation (3.1.1) becomes 
(2az + by + d)? = d? — 4af, which is not difficult to solve. In the 
case 2ae — bd # 0, by performing the substitutions X = 2ax+ by+d 
and Y = (4ae — 2bd)y + 4af — d?, equation (3.1.1) reduces to X? + 
Y = 0, which is easy to solve. The most interesting case is A > 0, 
when the conic defined by (3.1.1) is a hyperbola. Using a sequence 
of substitutions, equation (3.1.1) reduces to the general Pell-type 


equation 
X= DY aN. (3.122) 
To illustrate the process described above, we will consider the 
equation 


2x? — bay + 3y* = -1 
(Berkeley Math Circle 2000-2001 Monthly Contest #4, Problem 4). 


Indeed, A = 12 > 0; hence the corresponding conic is a hyperbola. 
The equation can be written as x? —3(y—«)? = 1, and by performing 
the substitutions X = x and Y = y—xz, we reduce it to Pell’s equation 


xX? —3Y?=1. 
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3.2 Solving Pell’s Equation 


We will present an elementary approach to solving Pell’s equation 

due to Lagrange. Denote by (uo, vo) = (1,0) the trivial solution to 

the equation u? — Dv? = 1. The main result is the following. 
Theorem 3.2.1. If D is a positive integer that is not a perfect 


square, then the equation 
ue = De =1 (3.2.1) 


has infinitely many solutions in nonnegative integers, and the general 


solution is given by (tn, Un)n>0; 
Until = Uitin + Doin, Un41 = V1tn + U1, (3.2.2) 


where (ui, v1) is the fundamental solution, i.e., the solution with v, > 
0 minimal. 

Proof. First, we will prove that equation (3.2.1) has a fundamental 
solution. 

Let c, be an integer greater than 1. We will show that there exist 


integers t;,w, > 1 such that 
1 
lt: —wivD] < —, WwW, < Cy. 
1 


Indeed, considering |, = [k/D +1], k = 0,...,c1, yields 0 < 
lk, —k/D <1, k=0,...,c, and since VD is an irrational number, 
it follows that Uy: 4 lp” whenever k! 4 k”. 

There exist i,j,p € {0,1,2,...,c:},7 47, p40, such that 


—1 —1 
Z Coe eae Ay eae and Bee a Die 
Cl Cl Cl C1 
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because there are c; intervals of the form (4 2), Di Vi: Oe 
and cj + 1 numbers of the form I, — kVD, k = 0,...,c1. 

From the inequalities above it follows that |(Jj; —1;) —(j -i)VD| < 
oe and setting |J; —1;| = t; and |j —4| = wi yields |t; —wiVD| < ar, 


and wy, < cy. 


Multiplying this inequality by t; + wyVD < 2w,;VD+1 gives 
2 2 Wy 1 
ie = Dwi| 25 pte Loy Dp +A, 
C1 C1 


Choosing a positive integer cz > c, such that |t; —w1V D| > zs, we 
obtain positive integers tg, w2 with |t2 — wav D| < + and wa < co. 


As before, we get 
#2 — Dw3|<2VD+1 and |t, —to| + |w, — wo] £0. 


By continuing this procedure, we obtain a sequence of distinct 
pairs (tn, Wn)n>1 Satisfying the inequalities |t?2 —Dw?| <2/D+1 for 
all positive integers n. It follows that the interval (—2/D—1,2VD+ 
1) contains a nonzero integer k such that there exists a subsequence 
of (tn, Wn)n>1 Satisfying the equation t?— Dw? = k. This subsequence 
contains at least two pairs (ts, ws), (t-, w,) for which t, = t,(mod|k]), 
Ws = w,(mod|k|), and t,w, — tpws 4 0; otherwise t, = t, and ws = 
wry, in contradiction to |t, — t,| + |ws — w,| 4 0. 


Let to = t,t, — Dw,w, and let wo = tsw, — tpws. Then 
i, = Die =k. (3.2.3) 


On the other hand, tp = tst, — Dwsw, = t? — Dw% = 0(mod|k]), 
and we see that wo = 0(mod|k|). The pair (t, w) where to = t|k| and 


wo = wIk| is a nontrivial solution to equation (3.2.1). We show now 
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that the pair (un,Un) defined by (3.2.2) satisfies equation (3.2.1). 
We use induction with respect to n. Clearly, (ui, v1) is a solution to 


equation (3.2.1). If (ur, vn) is a solution to this equation, then 


eS — Dvza, = (ujyUn + Dv10n)? — D(vyun + U1Un)” 


= (uj — Doz) (u, — Dn) = 1, 


ie., the pair (Un+41,Un+41) is also a solution to the equation (3.2.1). 


It is not difficult to see that for all nonnegative integers n, 

Un + UnVD = (uy + vwVD)". (3.2.4) 
Let zy = Un + UnVD = (uy + v1VD)", n > 0, and note that 

ZQ< 21 < 2% <r SK hyn See. 


We will prove now that all solutions to equation (3.2.1) satisfy 
(3.2.4). Indeed, if equation (3.2.1) had a solution (u,v) such that 
z= u+vvVD is not of the form (3.2.4), then zm < z < %m41 for 


some integer m. Then 
1 <(utvVD)(tm —UmVD) <u +uivD, 
and therefore 
1 < (Uttm — Dvvm) + (um — UVm)VD <uptuvD. 
On the other hand, 
(uum — Dvvm)? — D(umy — uum)? = (u? — Dv?) (u2, — Dv?,) = 1, 


ie., (UUm — Dvvm,UmU — UVm) is a solution of (3.2.1) less than 


(ui, 1), contradicting the assumption that (u1, v1) was the minimal 


one. 
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Remarks. (1) The relations (3.2.2) could be written in the fol- 


lowing useful matrix form: 


Untl uy Dv, Un 
= ? 
Un+1 UI U1 Un 
whence 
n 
Un uy Dv, Uo 
= . (3.2.5) 
Un UL Uy vO 
If 
n 
uy Dory Qn bn 
_ b) 
vp U4 Cn dy 


then it is well known that each of ay, bp, Cn, dy is a linear combination 


of AY, AZ, where \1, Ag are the eigenvalues of the matrix 


Uy Dv, 


U1 Uy 
Using (3.2.5), after an easy computation, 


ta sll +uvD)" + (wu —vvD)"), 
1 


[(ur + vrV'D)” = (uy — vi VD)" 


Vy = 
"" o/D 


(3.2.6) 


(2) The solutions to Pell’s equation given in the form (3.2.4) or 
(3.2.6) may be used in the approximation of the square roots of 
positive integers that are not perfect squares. Indeed, if (un, vp) are 
the solutions of equation (3.2.1), then 


1 
Un — UVnV D = — =; 
. " Un + UnVv D 
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and so 


Un JD 1 1 1 
ln ff) ee ee ee ee ge 
Un Un(Un sie inv D) VDv2 UA 


It follows that 
lim —" = VD; (3.2.7) 


N00 Un, 
i.e., the fractions ig approximate VD with an error less than re 

The main method of determining the fundamental solution to 
Pell’s equation (3.2.1) involves continued fractions. 


It is obtained by writing VD as a simple continued fraction: 


1 
VD = a9 + ——— } 
ay + T 
ag + — 


where ag = |VD| and aj, a2,... is a periodic sequence of positive 


integers. The continued fraction will be denoted by [ao, a1, a@2,...]. 


The kth convergent of [ag, a1, @2,...] is the number 
k; 
Es = [a0, a1, G2, ses , Ay] 
qk 


with px, q, relatively prime. Let a1, a2,...,@m be the period for VD. 


The least fundamental solution to Pell’s equation turns out to be 


Dri ie.) if m is even 
(x1, Y1) = 
(Pom—1;42m-1) if m is odd 


For example, 


V3 = [1,1,2,1,2,...], 


and so m = 2; then [1,1] = ?. We check 2? — 3-1? = 1, and clearly 
(2,1) is the least positive solution of x? — 3y? = 1. Next, /2 = 
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[1 2) 2,309], end som =) then [1 <2): 3. We check 3? — 2-2? = 1, 
and again clearly (3,2) is the least positive solution of x? — 2y? = 1. 
We consider it useful to include a table containing the fundamental 
solutions for D < 103. 
Example 1. Recall that ty, = mnt) denotes the m'” triangular 
number, m > 1. Find all triangular numbers that are perfect squares. 


Solution. The equation t, = y? is equivalent to 
(22 + 1)? — 8y? = 1. 


The Pell’s equation 


u? —8v7 = 1 


has the fundamental solution (u,,v,) = (3,1), and by formulas 


(3.2.6) we obtain 


tin = 518 + VB" + (8 — v8)", 
1 n n 
On = sgl + V8) (3 =4/8)" |, SA. 


It follows that 
1 
Qty +1 = Un = 5 |(v2 +1)" + (v2-1)""], 


and hence 


Lyn = 


beep wl 
2 


Every odd z satisfying t, = y? is itself a perfect square. 
Example 2. Prove that there are infinitely many triples of con- 


secutive integers each of which is a sum of two squares. 


(Putnam Mathematical Competition) 


8.2 Solving Pell’s Equation 


anna F Ww nN F OO 


or oF Oot oO 
Oo No FF Oo 


54 


Noa onoraeaonnr Da DBDmD wt oO oO OF Oo 
oO ONO TOD Wn FP DOD Ob WON DD HH 


2281249 
3699 


285769 
10405 
28 
197 
500001 
19 
1574 
1151 
12151 
2143295 
39 
49 
62809633 


127 


1260 
221064 
4 
5 
6377352 
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Solution. The first triple is 8 = 2? + 2?, 9 = 37 + 07, 10 = 32 + 1?, 
which suggests considering the triples 7? — 1, x7, 27 +1. 


Consider the Pell’s equation 2? — 2y? = 1, whose solutions are 


= 5[B+2v2)"+ (8-2v2)" y a= == |(3+2v3)" =(8-2V2)" 


2/2 


—1,22,22 +1) satisfy 22 —1 = y2 + y?, 


Ln, nreen 


n > 1. The triples (x? 
gt =o24+0?, 22 +1=224+1?7,n21. 

Remark. In a similar way, we can prove that for any nonsquare 
positive integer m > 2 there are infinitely many (m + 1)-tuples of 
consecutive positive integers each of which is a sum of m squares. 


2_ my? = 1 has solutions (an, Yn)n>0; 


Indeed, the Pell’s equation x 
hence (#2 — 1,22,22 +1,...,22 +m -—1) has the desired property 
for all n > 0. 

Example 3. Prove that there are infinitely many quadruples 


(x,y, 2, t) of positive integers with no common divisor and such that 
oe +yi+22= 
(Romanian Mathematical Olympiad) 
Solution. Consider the identity: 
1)\2 
[iF +23 +--+ (n—2)3| +(n-1 +n? = (eo) 


and write it in the form 


(n— 1)? +n? + (@-Nen 2) us (zeta)! 


n(n+1) 
2 


It suffices to find positive integers n for which is a perfect 


square. 
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Let us note that 
(2n + 1)? — 2(22)? =1 


can be achieved by taking the solutions (ug, vz) of the Pell equation 


u? — 2v? = 1, where wu; = 3, v1 = 2, and ug, vz, are obtained from the 


identity 
(u + V2v)*(u — V2v)* = (up + V20p) (up — V20p¢) = 1. 
Remark. Consider the following identity: 
(a+ 1)4 — (a—1)* = 8a? + 8a, 


where a is a positive integer. Take a = b?, where b is an even integer. 


From the above identity we obtain 
(b® + 1)* = (20°)? + (20)? + [(b® — 1)?)°. 


Since b is an even number, b? + 1 and b? — 1 are odd, and it follows 
that the numbers x = 263, y = 2b, z = (b? — 1), and t = b? +1 have 
no common divisor greater than 1. 

Example 4. Prove that if m = 2 +2V/28n? +1 is an integer for 


some positive integer n, then m is a perfect square. 
(Kiirshak Competition) 


Solution. We start by finding those n for which m is an integer. The 
pair (4 —1, n) must be a solution of Pell’s equation x? — 28y? = 1; 


whose fundamental solution is (x1, y1) = (127, 24); hence 


+ —~ 14+ nV28 = (127 + 24,28)" 
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for some positive integer k. Now we have 
m = 2+ (127 + 24V/28)* + (127 — 24V/28)* = A?, 


where A = (8 + 3/7)* + (8 — 3V7)* is an integer. 

Remark. Another solution is as follows. 

If 2\/28n? +1 + 2 is an integer, then 28n? +1 = (2m +1)? for 
some nonnegative integer m. Then 7n? = m(m +1), and since m 
and m+ 1 are relatively prime, it follows that either m = 7s? and 
m+1=t?, orm =u? and m+1 = 7v?. The second alternative is 
not possible, because u2 — 7v? = —1 does not have solutions, as can 
be seen from Theorem 3.4.2. This also follows just by looking mod 


7. Thus m+ 1 =?? and 
2y/28n?2 +142 = 2(2m +1) +2 = (2). 
Example 5. If m,n,p are positive integers such that 
m+n+p— 2/mnp = 1, 
then at least one of them is a perfect square. 
(Titu Andreescu, Iurie Boreico) 
Solution. Write the relation as 
(m+n+p—1)? = 4mnp 
and substitute a = 2m —1, b= 2n—1, c= 2p—1. Then 
(at+b+ce+1)? = 2(a41)(04+1)(e+ 1), 
which is equivalent to 


a? +b? +c — 2abe = 1. 
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Then 
(S11) Sb ce" and ~ (0? = 1) = 1) = (be =a), 
so there are nonnegative integers d,u,v such that //d ¢ Q and 
a—l=du’?, W#-l=d’, ?-1=dv’, 
lab—c|=duv and |bc— al = duw. 


Let (a1,y1) be the fundamental solution to Pell’s equation x? — 


dy? = 1 and let s = 21+y,/d. Then according to (3.2.6), all solutions 


to this equation are (xz, yx), k > 0, where 


oe: iis 1 a hs 1 1 a 1 
a=3( +a). b= 5 (s ars 5 CNG S Teal 


for some nonnegative integers ky, ko, ks. 
Suppose m > n > p. Then ky > ko > kg and ab—c = duv, 


implying 


c= ab— duv 


AP Goan re Le Sd cen TH 
-3(: +3) (+ +e) a\e ee 7 se 
1 ek 1 

=5(: SRG Ke E 


It follows that k3 = k, — kg, and so at least one of the numbers 


ky, ko, k3 is even. Suppose ky is even. Then 


aa 5 (st zy) 
m= = _ S i 
2 2 st 
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Remarks. (1) From the above proof it follows that all positive 


integer solutions to the equation 


at+tyt2z—2/eyz=1 


are 


es ood lice ae, 2a ee, 2 
r=5(s +o) v=3 (5 ur) Sa. nr Sh 


where s = u, + V4, (u1,v1) is the fundamental solution to the 
equation u? — dv? = 1, Vd ¢ Q, and kj, ko, kg are positive integers 
such that one of them is the sum of the other two. 

(2) Another solution is as follows. 

Suppose there is a counterexample, and choose the counterexample 
(m,n,p) with the least m+n-+p. We may assume, without loss of 
generality, that m > n> p. 


Case (a). m >n+p-—1. The equation 
(m+n+p—1)* =4mnp 


is a quadratic equation in m, with leading coefficient 1; hence it has 


another integer solution 


— 1)? 
m 


from Viéte’s relations. Since m > n+p—1, it follows that m’ < m 
and, m’ is not a perfect square, since m is not. Then (m’,n,p) is a 
counterexample with a smaller sum, contradiction. 


Case (b). m=n+p-—1. By substituting we get 


4(n+p—1) = 4np(n+p-—1), 
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so np=n-+p-—1. It follows that (n — 1)(p— 1) = 0; hence either n 
or p is 1, which is a perfect square, contradiction. 


Case (c). m <n+p-— 1. Consider the function 


f(z) =(x+n+p—1)? —4anp 
on the interval [1,n + p— 1). Its derivative is 
2(2+n+p—1)—Anp < 2(2n+ 2p — 2) —4np = —4(n—-1)(p—1) <0 


(since n > 1, p > 1, since n, p are not perfect squares). So f is strictly 


decreasing, and then 


0= f(m) < f(ntp—1) =4(n+ p—1)? — 4np(n+ p-1) 


= —A(n —-1)(p-—1)(n+ p-1) <0, 


contradiction. 


Example 6. Let m,n,p be positive integers such that 
m+n+p— 2/mnp = 1. 
Prove that at least one of the following is true 
m|(n+p-1)*, n|(p+m—1)*, pl (m+n—1)?. 
(Titu Andreescu, Iurie Boreico) 


Solution. From Example 5, at least one of the numbers m,n, p is 


a perfect square, say p = q?. Then from 
(m+n+p—1)? = 4mnp 


it follows that 
(7 +n—1 


2 
-- 1) = 4mn; 
q 
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hence g| m-+n-—1 and the conclusion follows. 
Remarks. 1. If m and n are positive integers such that there is 
a nonzero integer & for which 
(m+n k*)? = 4(k? +1)mn, 


then exactly one of the integers m and n is a perfect square. 
2. An easier solution to this problem that proves more is to note 


that the equation m+n-+ p— 2,/mnp = 1 gives 


(n+p— 1)? = (m—2ymnp)” = m(Vm — 2/7)? 
= mlm — 2(m + n+ p—1) + 4np); 


hence m | (n+p —1)?, and similarly the other two assertions also 


hold. 


Exercises and Problems 


1. Find all positive integers n such that aint) is a perfect square. 


(Dorin Andrica) 


2. Find all triangles having side lengths that are consecutive inte- 
gers and area also an integer. 

3. Prove that there are infinitely many triples (a,b,c) of positive 
integers such that the greatest common divisor of a, b, and ¢ is 1, 
and a?b? + b2c? + c?a? is the square of an integer. 

4. Prove that there are infinitely many positive integers n such 
that [/2n] is a perfect square. 

5. Prove that there are infinitely many triples (a,b,c) of integers 
such that 


a +h=¢? 
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and gced(a,c) = 1. 


6. Solve in positive integers the equation 
g? —Aryty? =1. 


7. Let ap = 0, ay = 4, and any, = 18an — an_1, n > 1. Prove that 
5a2 +1 is a perfect square for all n. 

8. Prove that if the difference of two consecutive cubes is n?, then 
2n — 1 is a square. 


9. Consider the system of equations 


E+y=Zz+Uu, 
2xry = ZU. 
Find the largest value of the real constant m such that m < 7 for 


any positive integral solution (x,y, z,u) of the system, with x > y. 
(42nd IMO Shortlist) 


10. Prove that the equation x? — Dy* = 1 has no positive integer 


solution if D # 0,3,8,15 (mod 16) and there is no factorization 


D = pq, where p > 1 is odd, gcd(p,q) = 1, and either p = +1 
(mod 16), p=q+1 (mod 16), or p=4q+1 (mod 16). 


3.3. The Equation ax? — by? = 1 
In the present section we will study the more general equation 
ax* — by* = 1, (3.3.1) 


where a and 0 are positive integers. Taking into account the consid- 
erations in Section 3.1, we have A = 4ab > 0; hence (3.3.1) can be 


reduced to a Pell’s equation. 
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Proposition 3.3.1. If ab = k?, where k is an integer greater than 
1, then equation (3.3.1) does not have solutions in positive integers. 
Proof. Assume that (3.3.1) has a solution (x, y), where x, y are pos- 
itive integers. Then ax? — by? = 1, and clearly a and b are relatively 
prime. From the condition ab = k? it follows that a = k? and b = k3 
for some positive integers ky and kg. The relation k?x? — k3y? = 1 


can be written as (kia — kay)(kix + koy) = 1. It follows that 


1l<kyxt+koy = kyx — koy = 1, 


a contradiction. 


We will call the equation 
u? — abv? = 1 (3.3.2) 


Pell’s resolvent of (3.3.1). 

Theorem 3.3.2. Suppose that equation (3.3.1) has solutions in 
positive integers and let (xo, yo) be its minimal solution, i.e., the one 
with the least yo > 0. The general solution to (3.3.1) is (&n,Yn)n>0; 
where 


Ln = XOUn + Lyon, Yn = LOUn + ayovn, (3.3.3) 


and (Un, Un)n>0 is the general solution to Pell’s resolvent (3.3.2). 
Proof. We will prove first that (ap,Yyn) is a solution to equation 


(3.3.1). Indeed, 


ax, = by? = a(XoUn + byoUn)? — b(yotn + aLOUn)” 
= (ax2 — by?) (u2 — abv?) = 1-1=1. 


Conversely, let (x,y) be a solution to equation (3.3.1). Then (u,v), 


where u = axox — byogy and v = yox — zoy, is a solution to Pell’s 
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resolvent (3.3.2). Solving the above system of linear equations with 
unknowns x and y yields x = xpu + byov and y = you + axgv, Le., 


(x,y) has the form (3.3.3). 


Remarks. (1) A simple algebraic computation yields the following 
relation between the fundamental solution (u1, v1) to Pell’s resolvent 
and the smallest solution (x9, yo) to equation (3.3.1), in case of solv- 


ability: 


uy £0, Vab = (cova + ov) 


where the signs + and — correspond. 


(2) Using formulas (3.2.6), from (3.3.3) it follows that 


n 


5 (70+ “vab) (ui + vivab) 
5 (eo ~ S28) (m1 Va 
im = 5 (uo + 2vab) (ui + vad) 
; (vo = < Vab) (uw = vVab) 


n 


n 


n 


— 


(3.3.4) 


Taking into account Remark 1, the above formulas can be written 


as 


Ln = 


S| («ova f yovb) as + (cova me yovb) 4 , 
=| (ova + yovb) re om (cova - ovo)" . 


z|-2)- 


Yn = 
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(3) The general solution (3.3.3) can be written in the following matrix 


form: 
In XO byo Un 
Yn Yo axo Un 
n 
xo byo uy abv; Uo 
Yo axo VY U1 VO 


Example 1. Solve in positive integers the equation 
6a? — 5y? = 1. 


Solution. Its minimal solution is (%o,yo) = (1,1). The Pell’s re- 
solvent is u? — 30v2 = 1, whose fundamental solution is (11,2). 
The general solution to the equation considered is t, = Un + 5vn, 
Yn = Un + 6p, n = 0,1,..., where (Un, Un)n>0 is the general solu- 
tion to Pell’s resolvent, i.e., Un41 = llun + 60v,, Un41 = 2Un + 110vp, 
n=0,1,..., with uy = 11, vy = 2. 

A closed form for these solutions can be found using the formulas 


(3.3.4). We obtain 


6+ V30 6S 

tq = —T—(11 + 230)" + a — 25/30)", 
5 + /30 5 — V30 

Yn = —jy— (11 + 2V30)" + —5— (11 — 2V30)". 


Example 2. Find all positive integers n such that 2n+1 and 3n+1 


are perfect squares. 
(American Mathematical Monthly) 


Solution. Let 2n +1 = x? and 3n+1 = y?. Multiply the first 


equation by 3 and the second by 2 and subtract them to obtain 


3x7 — Qy? = 1. (3.3.6) 
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The smallest solution to this equation is x = y = 1. Its Pell’s 
resolvent is u? — 6v? = 1, with the fundamental solution (u;,v,) = 
(5,2). From Theorem 3.3.2, the general solution to equation (3.3.6) 


is given by tm = Um +2Um, Ym = Um + 3Um, m > 0, where 


a 5[© +26)" + (5 — 2v6)"], 
Un = =e (5 £O/6\h = (6 = 2v6)"|. 
We obtain 


n= ye, 22, = (tm +30m)?—(Um+2Um)* = Um(2Um+5Um), m> 0. 


Example 3. Let a and b be square-free positive integers such that 


both equations ax? — by? = £1 are solvable. Prove that at least one 
of a and b is 1. 

Solution. Suppose au? — bv? = 1 and ax? — by? = —1 for some 
positive integers u,v, x, and y. Clearly, gcd(a, b) = 1. Let z = uy—vza. 
We have v7x? = (uy — z)”, hence (bv?) (ax?) = ab(uy — z)”. Because 
bu? = au? — 1 and ax” = by? — 1, we obtain (au? — 1)(by? — 1) = 
ab(uy —z)”, that is, abu2y? — au? — by? +1 = abu?y? — 2abuyz+ abz?. 
It follows that au? + by? + abz? — 1 = 2abuyz. For m = au”, n = by’?, 
p = abz?, we get m+n+p—1 = 2,/mnp. Using the result in 
Example 5 in Section 3.2, at least one of the integers m = au?, 
n = by’, p = abz? is a perfect square, that is, at least one of a, b, 
ab is a square. Because a and b are square-free and gcd(a, b) = 1, it 


follows that a= 1 or b= 1. 
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Exercises and Problems 


1. Prove that there are infinitely many quadruples (x, y,u,v) of 


positive integers such that 2? + y? = 6(22 + w2) +1, 3| x, and 2| y. 
(Dorin Andrica) 


2. (a) Find all positive integers n such that n+ 1 and 3n+ 1 are 
simultaneously perfect squares. 

(b) If ny < ng <+++< ng <--- are all positive integers satisfying 
the above property, then nznz11 + 1 is also a perfect square, k = 


19% Scr 
(American Mathematical Monthly) 


3. Prove that there exist two strictly increasing sequences (da,) 
and (bn) of positive integers such that an(an +1) divides b% + 1 for 


alln > 1. 


(40th IMO Shortlist) 


4. Let x and y be positive integers such that x(y+1) and y(x+1) 


are perfect squares. Prove that either x or y is a perfect square. 


(Titu Andreescu, Iurie Boreico) 


3.4 The Negative Pell’s Equation 


While Pell’s equation «? — dy? = 1 is always solvable if the positive 


integer d is not a perfect square, the equation 


ety Sl (3.4.1) 
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is solvable only for certain values of d. It is an equation of the form 
ax” — by? = 1, where a= d, b= 1. 

Next, we will find the solutions to equation (3.4.1) using the 
method outlined in Section 3.3. 

Equation (3.4.1) is known as a negative Pell’s equation. From The- 
orem 3.3.2 the following result follows: 

Theorem 3.4.1. Suppose that equation (3.4.1) has solutions in 
positive integers and let (xo, yo) be its minimal solution. The general 


solution to (3.4.1) is given by (%n,Yn)n>0, where 
Lp = LoUn + Yon, Yn = YOUn + Lon, (3.4.2) 


and (tn, Un)n>0 is the general solution to Pell’s equation u2—dv? = 1. 
Remarks. (1) Using formulas (3.4.2) we obtain the solutions to 


the negative Pell’s equation in explicit form: 


In = (0 + yoVd) (ur + viv)” 
- 5 (0 — yoW'd)(ur — viva)” 
n= ; (w te *) (u1 + vv)” 
1 y n 
+ 3 (« _ a) (u4 = v, Vd) . 


(3.4.3) 


(2) The matrix form of solution is 


tr \  [ 2% dyo Un 
Yn Yo Xo Un 
n 
xo dyo u, dvi 0 
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(3) The sequences (%n)n>0 and (Yn)n>0 given by (3.4.2) or (3.4.3) 
satisfy the identity 
tn = [YnVd]. (3.4.4) 


Indeed, x2 — dy2 = —1 implies (y,Vd+2n)(YnVd—2n) = 1. Since 
YnVd + ty > 1, it follows that 0 < ynVd— xn < 1; hence (3.4.4) 
holds. 

Theorem 3.4.2. Let p be a prime. The negative Pell’s equation 


x” — py’ = —1 


is solvable if and only if p= 2 or p=1 (mod 4). 

Proof. If the considered equation has a solution (x,y), then p | 
x? + 1. Hence either p = 2 or p=1 (mod 4). 

For p = 2, x = y = 1 isa solution. We show that there is a solution 
for each prime p = 4t+ 1. A natural starting point is the existence 
of an integral solution (xo, yo) to the corresponding Pell’s equation: 
x2 — py@ = 1. We observe that zo is odd: otherwise, y@ = py? = 3 


(mod 4). Thus in the relation 
2 = te 
tg —1= (#0 — 1)(@0 + 1) = py, 


factors x9 + 1 and x9 — 1 have greatest common divisor 2, and con- 
sequently one of them is a doubled square (to be denoted by 2x) 
and the other one 2p times a square (to be denoted by 2py?). The 
case 2g + 1 = 2x7, xy — 1 = 2py? is impossible because it leads to a 


smaller solution of Pell’s equation: x? — py? = 1. It follows that 


to -1=227, ao +1= 2py’, 


and therefore x? — py? = —1. 
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In case of solvability, the main method of determining the funda- 
mental solution to negative Pell’s equation (3.4.1) involves continued 
fractions. The following table contains the fundamental solutions, in 


case of solvability, for d < 101. 


Example 1. Show that the equation 
a? — 34y” = -1 


is not solvable. 

Solution. The fundamental solution of Pell’s resolvent is (35,6). If 
the equation x? — 34y? = —1 were solvable and had the fundamental 
solution (A, B), then (A+ B34)? = 35+6V/34, ie., A? +34B? = 35 
and 2AB = 6. But this system of equations has no solutions in 
positive integers, and thus our equation is not solvable. 

Example 2. Find all pairs of positive integers (k,m) such that 


k<m and 


1424--+h=(kK+1)4+(k4+2)4+---4+m. 


(College Mathematics Journal) 
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Solution. Adding 1+2+---+k to both sides, we get 2k(k +1) = 


m(m +1), which can be rewritten as 
(2m +1)? — 2(2k +1)? = -1. 


The negative Pell’s equation x2? — 2y? = —1 has (1,1) as its least 
positive solution. From (3.4.2), its general solution (a, yn) is given 
by 


In =Un+t+2Un, Yn=Untn, n=O, 


where 
= =|(3 + 22)" + (3 —2v2)"|, 
Un = ale+2var 2G — 2v2)"), n>0. 
Then 
tn = 5 [C+ VE + (1 v8], 
Yn = <A l(a 4 /2)-1 _ (1 Dea al 


Since x? — 2y? = —1 implies that x? is odd, x is of the form 21+ 1. 
Then y? = 21? + 21+ 1 implies that y is odd. 


The desired pairs are 


Yn —1 fpn-1 
k, = SS 9 , > 2. 
(im) = (2). 


Exercises and Problems 
1. Find all pairs (x, y) of positive integers satisfying the equation 
x? —6ry+y? =1. 


(Titu Andreescu) 
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2. Prove that there are infinitely many positive integers n such 


that n? + 1 divides n!. 
(Kvant) 


3. Let a, = n2+(n+ 1], n > 1. Prove that there are infi- 
nitely many n’s such that an, — @n—1 > 1 and a@ni1 — Gn = 1. 


4. Let k be an integer greater than 2. Prove that 
a* — (kh? —4)y? =-1 


is solvable if and only if k = 3. 
5. Prove that if asl +4 is a perfect square, then this square is 9. 
6. Find all pairs (m,n) of integers such that mn +m and mn+n 


are both squares. 


(Titu Andreescu, Iurie Boreico) 


1.4 
some Advanced Methods for Solving 


Diophantine Equations 


A field is a set k equipped with two commutative binary operations, 


addition and multiplication, such that 
e (k,+) is an abelian group under addition; 


e every nonzero element of k has a multiplicative inverse, and 


(k*,-) is an abelian group under multiplication, where k* = 


k\ {04}: 
© 0c A lk: 
e the distributive law holds: (a + b)c = ac + bc for all a,b,c € k. 


Standard examples of fields are Q, R, C, Z, for p prime. 

A commutative ring is just like a field except that not every 
nonzero element need have a multiplicative inverse. Examples of 
commutative rings are Z, Z, (the set of residues modulo n), k{2] 


(the set of all polynomials with coefficients in the field k). 


T. Andreescu et al., An Introduction to Diophantine Equations: A Problem-Based Approach, 147 
DOI 10.1007/978-0-8176-4549-6_4, © Springer Science+Business Media, LLC 2010 
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An element of a ring R with a multiplicative inverse is called a unit. 
The set of units of R, denoted by R*, is a multiplicative group under 
the multiplication of R. For the previous examples of commutative 


rings we have 
Zo =A} (2, = fe eZ, eedlan) Hath kel =F Aue} 


for k a field. 

A zero-divisor of a ring R is a nonzero element r € R such that 
rs = 0 for some nonzero s € R. A commutative ring without zero- 
divisors is called an integral domain. A few examples of rings with 
zero-divisors are Z,, for n not prime (for example in Ze, 2.3= 0). 


A noncommutative example is in M2(Q), where, for example, 


Any element that is a unit of a ring will never be a zero-divisor. 
Examples of integral domains are any field, Z, k{[z] where k is any 
field. 

The ring R is called Euclidean domain (ED) if there exists a func- 
tion 1 : R— {0} — N° with the following property: for any two 
a,b € R, b #0, one can find some c,d € R such that a = ch+ d and 
either d= 0, or A(d) < A(b). 

For example, the rings Z and k[z] (k a field) are both Euclidean 
domains: for take the absolute value in Z, or the degree of poly- 
nomials in k[z]. 

An ideal I of a ring R is a subset of R closed under addition, 


subtraction, and multiplication by elements of R: if x,y © J and 
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réR,thenx+y,x—y,ra € R. In other words, I is a subset of R 
that is an R-module, called also an R-submodule. Further, an ideal I 
is principal if it generated by one element as an R-module: for some 
aéI,I={ra|re€ R}. We write I = (a). 

In a Euclidean domain R every ideal is principal. 

A ring R is a principal ideal domain (PID) if every ideal in it is 
principal. 

Thus, every ED is also a PID. 

For aring R, a,b € R are associated if a = ub for some unit u € R. 
An element p € R is irreducible if a | p implies that a is a unit or a 
is associated with p. A nonunit p € R is prime if p 4 0 and p | ab 
implies p|a or p| b. 

Note that irreducible and prime elements do not always coincide in 
rings, but they do so in PIDs, where these notions can be translated 
easily into the language of ideals. 

We similarly defined greatest common divisors for two or more 
elements of R. It is not true that these exist in arbitrary rings, but 
they do in PIDs: if a,b € R, then gcd(a, b) is an element d such that 
(a,b) = (d). 

Finally, two elements are relatively prime if gcd(a,b) = 1. In PIDs 
this means that a and b generate the whole ring R. 

In PIDs, the notions of prime and irreducible elements are equiv- 
alent. 

Ina PID R, any increasing sequence of ideals eventually stabilizes. 
Consequently, for any prime element p and any a € R, a #0, there 


is a unique nonnegative integer n such that p” | a but p”*! { a. 


150 Part I. Diophantine Equations 


This n is called the order of p in a, denoted by n = ord,a. Note 
that for any a,b 4 0, ord,ab = ord,a + ord,b. Here follows the main 
theorem of this section, stating that any every is a unique factor- 
ization domain (UFD). For this, note that a PID can be thought 
of as a disjoint union of subsets of associated elements. If one ele- 
ment in a subset is prime, then all of its associates are also prime. 
From each such subset consisting of prime elements we choose one 
representative, and we denote the set of such representatives by S. 

We have the following important result: 

Theorem. Let R be a PID, and let S be a set of representatives of 


all subsets of associated prime elements in R. Then for everya€ R, 


a#0, 


= ul fo, 
Pp 


where u is a unit in R, and the product is taken over all elements 
p € S. This factorization is unique up to the choice of S (up to 
units), and the exponents are uniquely defined by e(p) = ordya. 

Note that ED => PID => UFD, but the opposite implications are 
not true. It is hard to find counterexamples of rings that are PIDs 
but not EDs. However, consider any ring of polynomials over any 
field & in more than one variable: k{x,y]. This is evidently a UFD, 
but is certainly not a PID: the ideal generated by the two variables 
(x,y) is not principal. Further, do not get the wrong idea that all 
rings are UFDs! 


You will see some examples in Section 4.2. 
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4.1 The Ring Zi] of Gaussian Integers 


A Gaussian integer is a complex number whose real part and imag- 
inary part are both integers. The Gaussian integers, with ordinary 
addition and multiplication of complex numbers, form an integral 
domain, usually denoted by Z{7]. This domain cannot be turned into 
an ordered ring, since it contains a square root of —1. Formally, the 


set of Gaussian integers is 
Zii] = {a + bi | a,b € Z}. 
For a=a-+bi in Zit], set the norm of a to be 
N(a) =a? + 0, 


which is a nonnegative integer. This norm is multiplicative (N(a) = 
N(a)N(G)) and it gives a measure of the size of elements. For an 
integer a € Z, its norm is its square: N(a) = a’. In particular, 
NO) =1. 

Theorem 4.1.1. The units in Z[i] are 1, —1, 1, and —i, namely 
the elements of norm 1. 

Proof. Because 1-1 = 1, (—1)(—1) = 1, and i(-i) = 1, these 
four elements are all units in Z[i]. Conversely, if u is a unit in Z[?] 
then uv = 1 for some v in Z[i]. Taking the norm of both sides yields 
N(u)N(v) = 1. This last equation is in the positive integers, so N(u) 
and N(v) both must be 1. Writing u = a+ bi, we have a? + 6? = 1. 


The only solutions to this in integers are (a,b) = (+1,0) and (0, +1), 


which yield the four numbers 1, —1, 7, and —i. 


A global way of writing the units in Z[#] is i*, k = 0,1,2,3. 
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Like Z, there is a division theorem in Z|?]. To measure the size of 
a remainder under division, we use the norm: 

Theorem 4.1.2. For any a and 3 in Z|i] with B #0, there are y 
and p in Zt] such that 


N(@) < N(8). 


[On es 


a=Py+p, N(p)< 


Proof. The norm on Z[i] is closely related to the absolute value 
on C: N(a+ bi) = |a + bi|?. The absolute value on C is our way of 
measuring distances in C, and we will take advantage of this. 

In C, the farthest a complex number can be from an element of Z/i] 
is 1/2, since the center points of 1 x 1 squares with vertices in Z[i] 
are at distance 1/,/2 from the vertices. Now consider the ratio a/3 
as a complex number and place it in a 1 x 1 square having vertices 
in Zii]. Let y € Z[i] be the vertex of the square that is nearest to 
a/B, so |ja/B — y| < 1/2. Multiplying through by |3|, we obtain 
la — By| < (1/V2)|B]. Squaring both sides and recalling that the 


squared complex absolute value on Z{7] is the norm, we obtain 


N(a~ 61) < 5N(6). 


Now set p=a-— /4. 


Remark. Unlike the situation in Z, the quotient and remainder 
in Z[i] are not unique. For example, take a = 37+ 2i and @ = 114 2i. 
You can check that 


a=6-3+(4-4i), a=6(3-i)+(2+7i). 


Here both remainders have norm less than N(3) = 125 (in fact, 


less than 125/2). The proof of Theorem 4.1.2 explains geometrically 
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why the quotient and remainder in Z/i] are not unique: a/( is closer 
to two vertices in the 1 x 1 square containing it than the length of a 
(half-)diagonal of the square. 

This lack of uniqueness in the quotient and remainder is not a 
major drawback, since the main consequence of the division theorem, 
such as Euclid’s algorithm and unique factorization, do not actually 
use the uniqueness. The main thing is just having the remainder less 
(by some measure) than the divisor, and that is what Theorem 4.1.2 
says. 

Corollary 4.1.3. The ring Z[i] has unique factorization, and in 
fact is a principal ideal domain. 


Proof. Every domain having a division theorem is a PID and a 


UFD, by the same proof as in Z. 


Here are some examples of primes in Z/i]: 


PH Bo TSO. THOR 7 Wy Pa BAe 


Note that 2 and 5 are not here, because they are not prime in Z/i]: 


2=(1+i)(1-i) and 5=(1+2i)(1—2i). 


Example 1. Using properties of the ring Z{i] find all Pythagorean 
triples. 

Solution. An elementary approach was featured in Section 2.2. 
Here we use the uniqueness of the prime factorization in Z/i]. 

Suppose that (z,y,z) is a solution to 2? + y? = 2? with 


ged(a,y) = 1. 
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Thus one of x and y is odd and hence z is odd. We can rewrite 


zg? +y* = 2” in Zi] as 
(x + iy)(a — iy) = 2”. (1) 


We claim that gcd(a + iy,x — iy) = 1. Indeed, let d € Z{i] be 
irreducible and let d divide x + iy and x — iy. Then d | 2x and 
d | 2y. If d| 2, this contradicts the fact that z is odd. Hence d | x 
and d | y. Take norms to conclude that N(d) | x? and N(d) | y?. 
But gcd(z, y) = 1. Hence x + iy and x — iy are relatively prime in 
Zi]. Hence « + iy = u(a + ib)? for some unit u and a,b € Z. Hence 
x+iy = u(a? — b? + 2abi). By taking u = 1 we get x = a? — B, 
y = 2ab and therefore z = a? + b?. By taking other values of u we 
get similar expressions for x, y, z. 

Conversely, « = a?—b?, y = 2ab, and z = a?+0? satisfy 27+y? = 2? 
for all a,b € Z. Thus we have found all the Pythagorean triples. 


Example 2. Solve the equation 


where n is an integer greater than 1 and x, y are relatively prime. 
Solution. For n = 2, the solutions are the Pythagorean triples 
discussed extensively in Section 2.2 and Example 1 above. For n > 3 
we use again the uniqueness of prime factorization in the ring Z{?]. 
We may assume that x and y are relatively prime and write the 


equation as 
(x + ty)(@ — ty) = 2”. 
It follows that gcd(x + iy,x — iy) = 1 in Z[i]. Indeed, one easily 


sees that gcd(x + iy, x — iy) divides gcd(2z, 2y) = 2. But in Z/i], the 
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number 2 = —i(1+7)? is up to units the square of the prime 1+7, and 
if 1 + 2 divides both factors, then 2 | z and we get a contradiction 
mod 8. Hence x + iy = (a+ ib)” for some integers a and b with 


a? + b? = z. Then x = A, and y = By, where 


M\ yE- 
An = Sa-p*( i Ja ake 


n 


Live n—1—2k7 2k-+1 
cy Ca, a 


and the general solution is given by triples 


k=0 


(a"An, d" By, 2 («? iy o*)), 


where a,b,d € Z. 
The following table contains the first few values of A, and B, up 


to multiplication by an appropriate factor. 


1 
a 


a? — b? 


a® — 3ab? 

a* — 6a7b? + 
a — 10a3b? 4 
a® — 15a*b? 4 
a’ — 2145}? 4 


a® — 28a°%b? 4 


b4 

+ 5ab4 

+ 15a7b* — b® 

+ 35a%b* — Tab® 

+ 70a4b4* — 28ab® + b8 


3a7b — b° 

4a°b — 4ab3 
5a*b — 10a7b? 4 
6a°b — 20a%b? 4 
7a®b — 35a*b? 4 
8a’b — 56a°b? 4 


0 
1 
2 
3 
4 
5 
6 
7 
8 


_ 55 

+ 6ab? 

+ 21a2b5 — b” 

| 56a°b° — Sab" 


Remarks. (1) The integers u = a* — 6a7b? + b+ and v = a%b— ab? 


cannot both be squares of nonzero integers. Indeed, if u = s? and 


156 Part I. Diophantine Equations 


v = t? for some nonzero integers s and t, then s* + (2t)4 = u? + 
(4v)? = (a? + b?)*, contradicting Fermat’s last theorem (see also 
Corollary 2.3.5). 

(2) The integers u = a® — 15a*b? + 15a7b* — b® and v = 6a°b — 
20a?b? + 6ab® cannot both be cubes of nonzero integers. Indeed, if 
u = s? and v = #°, then 5° + # = u2 4+ v0? = (a? + B*)®, again 
contradicting Fermat’s last theorem. 

(3) In general, for n = 2m, the integers A, and B,, cannot both 
be the mth powers of nonzero integers. 


Example 3. Solve the equation 


ge+l=y", 


where n is an integer greater than 1. 

Solution. (V.A. Lebesgue) For n even, the equation has solutions 
(0,1) and (0,—1) only. For n odd, we may assume without loss of 
generality that n is a prime p > 3. Indeed, if n = q-k, where q is an 
odd prime, we get an equation of the same type: x? + 1 = (y*)¢. 

We will use the uniqueness of prime factorization in the Gaussian 
ring Z|i]. 

Clearly, x is even and y is odd. We have (1+ ix)(1 — ix) = y?. 
Moreover, the integers 1 + ia and 1 — ix are relatively prime in 
Zi]. Indeed, let z = ged(1 + ix,1 — ix), z = a+ bi. We have z | 
(1 + ix) + (1 — ix) = 2; hence Z | 2. It follows that z-Z | 4, i-e., 
a? +b? | 4. On the other hand, z | 1+ ix implies Z | 1 — ia, so 
a? + 6? | 1+ 27. But x is even, so a* + b? is odd. Thus a? + 6? = 1, 


implying that z is a unit in Z[i]. 
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Because 1+ix and 1—iz are relatively prime, from (1+ix)(1—7x) = 
y” it follows that 1+ ix = a(u + iv)”, where a is a unit and u and 
v have different parities. Since p is odd, every unit is a pth power 
and therefore we can drop the unit here; hence we can assume that 


1+iax = (u+iv)?. Using the binomial expansion and identifying the 
real parts, we get 


P —2, 2 vs p—4, 4 EL p-1 
1= p Pp tact q 
= U ( je Uo + ( je U ( ) we 


Hence u | 1, implying wu = +1, and so v is even. We obtain u? = 1 


(mod 4), and since p is odd, it follows that u = 1. Dividing by v? 4 0, 


(2) = (Je (Brra(,t Jor 


This is a contradiction, because the exponent of 2 in the left-hand 


we get 


side is less than the exponent of 2 in the right-hand side. Indeed, for 


k =1,2,..., we have 
PY  ak-2_ P(P—1) (p—2\)_ 2? 
2k 2 2k — 2) (2k —1)2k° 
In conclusion, for p > 3, there are no solutions different from the 
trivial (0, 1). 
Example 4. Solve the equation 
re? t4=y?, 
(Fermat) 


Solution. Let x be odd. The equation can be written as (2+7x)(2— 
ix) = y®. We will show that 2+ iz and 2— iz are relatively prime in 


the ring Z[7]. Indeed, let z = gcd(2 + iz,2 —ix), z =c+di. Then z 
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divides (2+ixr)+(2—ix) = 4 hence; Z | 4. It follows that 2-7 = c?+d? 
divides 16. On the other hand, z | 2 + ix implies Z | 2 — ix; hence 
ce? +d? | 4427. But x is odd, so c* + d* = 1, implying that z is a 
unit in Z[?]. 

Because 2+ix and 2—i2 are relatively prime, from (2+ix)(2—ix) = 
y® it follows that 2+ ix = (a+ bi)® for some integers a and b. 


Identifying the real and imaginary parts, we get a(a? — 3b) = 2 and 


3a7b — b? = x. The first equation gives a = +1 or a = +2, yielding 


“x=+11 andy=5. 

If x is even, then y is even. Let x = 2u and y = 2v. The equation 
becomes u? + 1 = 2v%, ie., (u+i)(u — i) = 2v?. Because ged(u + 
i,u—%) =1 and 2 = (1+7)(1 — 2), using again the uniqueness of 


prime factorization in Z[i], we obtain 
u+i=(1+i)(a4 bi), 


for some integers a and 0. 


Identifying the real and imaginary parts, we get 


a? — 3a7b — 3ab? +62? =u and a?+4+3a7b—3ab? —b? = 1. 


The last relation can be written as 


yielding the systems 
a—b=1, é—b=—1, 
and 
a? +4ab+ 6? = 1, a? + 4dab+ b? = —-1. 


The second system has no solutions. Indeed, one can observe that 


a* + 4ab + b? = (a + 2b)? — 3b? =0,1 (mod 3). 
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The first system has integer solutions: (a,b) = (1,0) and (a,b) = 
(0,—1), yielding (x, y) = (2,2) and (z, y) = (—2, 2). 

Remark. The equation 2? + k = y?, where k is a nonzero integer, 
is called Mordell’s equation (after L. Mordell (1888-1972)). Mordell 
proved in 1922 that for every nonzero integer k, the equation only 
has finitely many integral solutions. The study of this equation is 


complicated and involves advanced methods. For instance, the inte- 


eral solutions to 2? — 24 = y® are (+4, —2), (45,1), (432,10), and 
+736844, 8158). 


“—— 


The result in Theorem 2.3.1 also holds in the ring Z/#], that is, the 
solutions to the equation zy = zw are x = mn, y = pq, z = mp, 
w = nq, where m,n, p,q € Zi] and gcd(n, p) = 1. 

Example 5. If a,b,c, d are positive integers such that a?-+b? = cd, 
then there are integers x,y,z,w,t such that 


a=t(xz—yw), b=t(ewtyz), c=t(2?+y7), d=t(z?+w’). 

Solution. Let t = gced(a,b,c,d), a = tay, b = thi, c = tc,, and 
d = td,. Then 

a? + be = (1d, 
which can be rewritten as 
(ay + bi2) (a4 = bi2) = cd}. 
From the remark above there are m,n, p,q € Z/i| such that 
ay +bhi=mn, a,—bi=pq, q=np, dy=mgq. _ (1) 


Because np and mg are positive integers, it follows that n = kp 
and q = Im for some positive rational numbers & and /. On the other 


hand, |mn| = |pq| implies |kmp| = |lpm| and k = . 
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Let u and v be relatively prime positive integers such that k = 2. 
Then 
- u Uw U_ Ui 
a, + byi= —mp, a —bii=—pm, c.=—pp, dy = —mm. 
v v Vv v 


This means that wu | a,b,c,d and thus u = 1. We also have 


- UL . UL U3) vo _ 
a,+bji= —ng, a,—blti=—- qn, cq = —nn, di = -49, 
U U U U 


implying v | a,b,c,d and thus v = 1. Letn = 2+ yi and m= z+ wi, 
where 2, y, z,w € Z. Then (1) yields 

a,=az—yu, b=awtyz, q=2ety’, d=2?4+w’? 
and thus 
a=t(xz—yw), b=t(ewtyz), c=t(a?+y*), d=t(z?+w’). 


Example 6. If a,b,c are positive integers such that ab = c? +1, 
then a and b can be written as sums of two integer squares. 
Solution. From the previous problem, there are integers 2, y, z,t 


such that 
ta? +y")=a, t(z*+w*)=b, t(ez—yw)=c, t(ewtyz)=1. 


This implies t = 1 and a= 27+ y?, b= 274+ w?. 

Remarks. (1) We can use the result above to prove in a simple 
way the well-known fact that every prime p of the form 4k + 1 can 
be written as a sum of two squares. 


Indeed, by Wilson’s theorem, 
—-1=(p—1)!=1.-2---4k = (2k)'(2k + 1)(2k + 2)--- 4k 
= (2k)!(—1)"* (p — (2k + 1))(p — (2k + 2))--- (p — 4k) 


= (2k)!(2k)(2k — 1)---1 = ((2k)!)? (mod p). 
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Hence 


((2k)!)? +1 = ap, 


for some positive integer a, and the conclusion follows. 
(2) We can give another solution to Problem 8 in Section 1.4, that 
is, to prove that the equation 4ry — x — y = 2” has no solutions in 


positive integers. Indeed, from 
(4x — 1)(4y — 1) = (22)? +1 
we get 
4¢—1=t(u* +07), 4y—1=—t(s?+w’), 2z=t(us—vw), 


with t(uw + vs) = 1. Hence t = 1, 4x —1 = u?2 + v?, implying 
u? + v? = 3 (mod 4), a contradiction. 
Example 7. Find all quadruples (u,v, w,s) satisfying the gener- 


alized Pythagorean equation 


rtuty=s?. 


Solution. Write the equation as 


wHey=st—r, 


that is, 


uw? +u* =(st+r)(s—r). 


Applying the result in a previous problem for a = u, b = v, € 


s—r,and d=s-+r, we obtain 


u=t(ez—yw), v=t(ewt yz), 
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str=t(a?4+y*), s—r=t2?+w’). 
For t = 2, this yields the solution 
(ey ora. ese aye Hae 


u=2(az-—yw), v=2(rwt+ yz), 


which is mentioned in Remark 2 after Theorem 2.2.3. 


Exercises and Problems 


1. Solve the equation 
gg ay", 


where n is an integer greater than 1. 


2. Solve the equation 
a+9=y", 


where n is an integer greater than 1. 
3. Let p= 4m —1 bea prime and let x and y be relatively prime 


integers such that 


for some integer z. Prove that p | xy. 


(American Mathematical Monthly) 
4.2 The Ring of Integers of Q[Vd] 
Let us consider the field 


Q{vd] = {m+nva: m,n €Q}, 


4.2 The Ring of Integers of Q{Wd| 163 


where d is a nonzero square-free integer. An element ¢ € Q[Vd] is 
called a unit if there exists €, € Q[ Vd] such that e¢; = eye = 1. 

If w € Q[Vd], » = a+ bV4d, we will denote by 7 the element 
Zi = a—bVd and will call it the conjugate of pu. 

Let us denote by N : Q[Vd] > Z the norm function: if p. = a+bv4d, 
then 


N(p) = a? — db? = pT. 
Proposition 4.2.1. (N is multiplicative) For all p11, w2 € Q{Wd], 
N(pip2) = N(p1)N(p2). 
Proof. If f= m+ niVd and pg = m2+ noVd, then 
[i fl2 = (mymy + dnynz) + (ming + mgn1)Vd 
and 


N(t1L2) — (mim + dnynz)? _— d(m ng + mgn1)° 


mims + dnin3 — dm?n3 — dm3n? 


mj (m3 — dng) — dnj(m3 — dns) 


= (mj — dnj)(m3 — dnz) = N(u1)N (2). 


Proposition 4.2.2. (the conjugate is multiplicative) For all 


La, He € Q(Vd], 


Hif2 = Ly H2- 


Proof. Tf 4 = m+ ni Vd and pg = M2 + novd, then 


Hipl2 = (mime + dnyng) + (ming + mgni)Vd 
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and 


Tifa = (mymy + dnynz) — (ming + mgn1)Vd 
= (my — nV d)(mz — n2Vd) = Typ. 


Remark. Proposition 4.2.2 gives another proof of the fact that N 


is multiplicative. Indeed, 


N (pipe) = (Mibe2)(Pa fa) = (Miele) (Ff) 


= (M17; ) (M22) = N(H1)N(p2). 


The important part of these algebraic preliminaries connected to 
Diophantine equations pertains to the ring of integers of Q[Vd]. In 
this respect we have the following result. 

Theorem 4.2.3. Jf d = 2,3 (mod 4), then the ring of integers 
of Q|Vd] is Z[Vd] = Z+ ZVd. If d = 1 (mod 4), then the ring of 
integers of Q{Vd] is Z[(—1+ Vd)/2] =Z+ Z((-1+ V4d)/2). 

In the case of the ring R = Z[Vd], the units ¢ are the elements 


satisfying the relation N(¢) = +1. 
Indeed, if ¢ is a unit in R, then there exists ¢, € R such that 


e€, = 1. Then from Proposition 4.2.1, 


N(e)N(e1) = 1° — dO? = 1. 


Since N(e) and N(¢ 1) are integers, it follows that N(e) = +1. 
Conversely, if N(e) = £1, then N(e) = c€ yields cf = +1. If N(e) = 


1, then c= = 1, and if N(¢) = —1, then e(—é) = 1. Both cases show 
that ¢ is a unit in R. 
One of the main problems is to find all d for which the ring of in- 


tegers of Q[Vd] is a UFD. This problem was first solved for d < 0 by 
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Kurt Heegner (Diophantine Analysis und Modulfunktionen, Mathe- 
matische Zeitschrift, vol. 56, 1952, pp. 227-253) and independently 
by Stark and A. Baker in 1966. For d < 0 the result is the following. 

Theorem 4.2.4. The ring of integers in Q(Vd| with d < 0 and 


square-free is a UFD exactly when 


¢ eta 20-23 3711210 —49- 267 S163), 


As an example, consider the ring Z[—W5], which is the ring of 
integers in Q|/—5] because —5 = 3 (mod 4). We have 21 =3-7= 
(1+2/—5)(1—2\/—5), two factorizations of 21 showing that Z[,/—5 


is not a UFD. Another example is 


Little is known about the UFD property of Q[Vd] for d > 0. What 
we know is that Q[Vd] is a UFD for d = 2, 3, 5, 6, 7, 11, 13, 14, 17, 
19, 21, 22, 23, 29, 33, 37, 41, 53, 57, 61, 69, 73, 77, 89, 93, 97. 

In what follows we investigate Pell’s equation x? — dy? = 1 using 
the results involving Z[Vd]. Recall that for Vd ¢ Q this equation 
is always solvable and let (x1,y1) be its fundamental solution (see 
Section 3.2). 

Theorem 4.2.5. If z) = x1 + yi Vd is the minimal element of 
Z|Vd], with z, >1 and N(z,) = 1, then all elements z € Z[Vd] with 


N(a) =1 are given by z= +27, n€ Z. 
Proof. Suppose N(z) for some z > 1. There is a unique integer k 
such that 2? < z< gre. Then 2’ =z- oo satisfies 1 < 2’ < z, and 


N(2’) = N(z)N(z1)~* = N(z) = 1. From the minimality of 2, it 


follows that z' = 1; hence z = zf, k € Z. 
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Remarks. (1) If (z1,y1) is the fundamental solution to Pell’s 
equation x? — dy? = 1, then all solutions in nonnegative integers 


to this equation are given by 
tn + ynVd = (74 +yivd)", WSO. Deeds 


(2) The solution (an, Yn) can be expressed as 


1 1 
n= (RAZ, tn = SoCo 2), 


2 

where Z = x; — y, Vd is the conjugate of 21 in ZV d]. 

Concerning the negative Pell’s equation x? —dy? = —1 (see Section 
3.4), we can derive the following result. 

Theorem 4.2.6. The equation x? — dy? = —1 is solvable if and 
only if the equation z* = z, is solvable in Z[Vd]. 

Proof. The “if” part is clear. 

For the other implication, take the least z € Z[Vd], z > 1, that is a 
solution to the equation N(z) = —1. As in the proof of Theorem 4.2.5 


we deduce that 1 < z < 2. But 2? < 2? is a solution to N(z) = 1, 


and hence z? = 2}. 


Consider the general Pell’s equation N(z) = a, where a is a 
nonzero integer. As in Theorem 4.2.5 we can show that all of its 
solutions are obtained from its solutions z with 1 < z < z,, where 
z, is the fundamental solution to Pell’s equation N(z) = 1. Thus it 
is always sufficient to check finitely many values of z = x + yVd. 
Moreover, there are simple upper bounds for x and y. 

Theorem 4.2.7. If the equation x? — dy? =a is solvable in inte- 
gers, then there is a solution z =x+yVd with 
zy+1 


OE 


Iz] < la 
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and the corresponding upper bound for y = aly 


Proof. Let 2’ be a solution to N(z) = a. There is an integer m 


a Se xf lal ei: 
41 


Then z = zz! = a+ yVd is a solution to N(z) =a satisfying 


zyt1 
= al, 
via 


such that 


a 
\e|=|z+ 5] < max on 


“te /EE vier) 


|a| 


where we used the fact that the convex function t + t+ rs achieves 


its maximum at the endpoints of the interval f | lal / ia | : 
“al 


For example, for the equation x? — 7y? = 2, the fundamental so- 


lution to the corresponding Pell’s equation is z} = 8+3V/7. We can 
found solutions z = x + yV/7 to N(z) = 2 from the inequalities 


<2 9+4+3/7 
Evia See oe 
2/8+3V7 ; 


By her ee et 
eM GO 


The only such solution is 3 + V7. It follows that all solutions to 


and 


x? — Ty” = 2 are (%n, Yn), where 
tn t+ Ynv? = (384 V7)(8+3V7)", n=0,1,... 


A general strategy for solving a certain type of Diophantine equa- 
tions is summarized below. 


Step 1. Represent the equation in the form: 


(a, +b, Vd) (a1 — bi Vd) = e- c”, 
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where aj, 61,a2,b2,c,e € Z, d € Z, d < 0 and square-free, n € N. 
Preferably, e should be something simple, like a unit or a prime in 
the ring of integers in Q[Vd]. Some of the above numbers can be 
constants, while others can be unknowns. 

Step 2. If d happens to be one of the negative integers in The- 
orem 4.2.4, we are in good shape. If not, check to see whether you 
can factor different expressions (possibly on the “other side” of the 
equation) so as to reduce to Theorem 4.2.4. 

Step 3. Check d modulo 4 and use Theorem 4.2.3 to decide what 
the ring of integers of Q{vd] looks like. From now on, you will work 
either in Z[Vd] or in Z[(—1+ Vd) /2], and all arguments about units, 
primes, and factorization will be made in this ring, which we denote 
by Qg. By now, you should have determined that Q,4 is a UFD, or 
else this method won’t work. 

Step 4. Determine all units of Qg. The following theorem answers 
this question in a more general setting, but you may want, instead of 
memorizing it, to try to remember how to derive its result. Clearly, 
Q_; = Z[i]. 

Theorem 4.2.8. Let d < 0 be a square-free integer, and let Ug 
denote the group of units in Qa. Then 


1. U_, = {1,-1,i, —i}; 


2. U_3 = {1,-1,w, —w,w*,—w}, where w = =14+/"3 is a third 


root of unity; 


3. U_g= {1,-1} ford < —-3 ord=-—2. 
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Step 5. Investigate whether an integer prime p € Z remains prime 
in Qg, and if not, what its prime factorization is. 

Step 6. Investigate whether (a; + 6; Vd) and (a, — bi Vd) are 
relatively prime, and if not, what their common divisors in Qg can 
be. 

Ina UFD, ab = c”, where a, b are relatively prime, implies a = u;c} 
and b = ugcy for some uy, ug units in R and some elements c;,c2 € R 


such that wjug = 1 and cyc2 = c. 


Example 1. The equation x? — 2 = y? has (3,+5) as its only 


solutions in integers. 
(Fermat) 


Solution. Write 23 = u? + 2 = (y + V—2)(y + V—2). Note that 
y must be odd (otherwise y? + 2 = 2 (mod 4), and no cube is = 2 
(mod 4)). Now let 6 = gcd(y + /—2,y + V—2). Clearly 5 | 2,/—2 
(the difference of these values); thus 5 is a power of /—2. On the 
other hand, if /—2 | (y+ V—2), then it divides the product of these 
factors, which is 2° = y? + 2. But zx is odd; hence /—2{ 6. 


We have seen that y+/—2 and y+ /—2 are relatively prime and 
that their product is a cube. Since Z[,/—2] is a UFD, this implies 


that the factors are cubes up to units. Since the only units are +1 
and since these are cubes, it follows that y + /—2 = (a + bV—2)?. 
Comparing real and imaginary parts, we obtain y = a® — 6ab? and 


1 = 3a7b — 2b°. The last equation shows that 1 = b(3a? — 2b); hence 


b = +1 and therefore a = +1. This shows that y = +5 and x = 3. 


Example 2. Solve in integers the equation 


u+s8=y. 
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Solution. We will prove that the only solution is (0,2). For x even, 
x = 2u, y is also even, y = 2u, and the equation becomes u?+2 = 2v°. 
It follows that u = 2w, yielding 2w? + 1 = v?. Using the uniqueness 
of the prime factorization in Z[,/—2], we have 


+(1 + w/—2) = (a + bV—2)8 (1) 


for some integers a and 0. 


Identifying the rational parts, it follows that +1 = a® — 6ab?. 


Hence a | 1; so a = +1 and b = 0. Passing to norms in (1) we get 
v? = 1+ 2w? = (a? + 2b7)3; therefore v = a? + 2b. In this case we 
get v = 1; hence y = 2 and x = 0. 


For x odd, the equation is equivalent to 
a? +16 = y? +23 = (yt 2)(y? — 2y +4), 


and since y is also odd, one of the factors y+2 and y? — 2y +4 is of 
the form 4m + 3, contradicting the result in Theorem 4.4.2. 
Example 3. Euler’s approach to Fermat’s last theorem for n = 3. 
This case was completely solved in Section 2.3.2. We discuss here 
Euler’s attempt to prove that the equation x? + y? = z° has no 
nontrivial solutions by using properties of the field Q[,/—3]. 
Euler started with gcd(, y, z) = 1. If both x and y are odd, then 
x+y and x—y are both even, say 2p and 2q, respectively, so x = p+4q, 


Yy=p-—q, and 
a? +y? = (a+y)(2? — vy +y?) = 2p(p? + 39”). 


Since x and y are odd and relatively prime, p and gq must be 


of opposite parities and relatively prime. And since x? + y? = 2°, 


4.2 The Ring of Integers of Q{Wd| 171 


2p(p? + 3q?) must be a cube. A similar argument yields the same 
conclusion if z is odd and one of x and y is even. 

At this point we want to show that both 2p and p?+3q? are cubes. 
If 3 { p, this follows easily by noting that 2p and p?+3q? are relatively 


prime; if 3 | p, then we must write p = 3s, and then rewrite 
2p(p* + 3q”) = 3° - 2s(3s” + q”), 


from which we infer that 3? - 2s and 3s? + q? are relatively prime. 
Each must therefore be a cube. 
Euler noted that one way in which both 2p and p? + 3q? are cubes 


is for p and q to have the forms 
p = a(a— 3b)(a+ 3b), g=3b(a—b)(at+b) (1) 


(a similar expression is found for s and q when p is a multiple of 3). If 
this is indeed the case, then a and b must be relatively prime, because 
p and q are relatively prime, and must have opposite parities. From 
here one shows that 2a, a— 3b, and a+ 3b must be pairwise relatively 
prime. Because 2p = 2a(a — 3b)(a + 3b) is a cube, each of 2a, a — 3b, 
and a + 3b must be a cube. Then (a — 3b) + (a + 3b) = 2a gives a 
new solution to the Fermat equation, one with 2a < z?, setting up 
the infinite descent and thus proving the result. A similar argument 
is used when 8 | p. 

At this point, of course, we need to show that the only way for 
2p and p* + 3q? to be both cubes is for p and q to be expressible 
as in (1). It is here that the argument presented by Euler fails (he 
had, however, other results on quadratic forms that he could have 


used to establish this claim about p and q). Euler factors p* + 3q? = 
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(p + aV—3)(p — gV—3) and proceeds to work in Z[,/—3]. Because 


(p + qV—3) + (p — gV—3) = 2p, 
(p + qV—3) + (p — qV—3) = 2qV-3, 


any common divisor of (p + q/—3) and (p — qV—3) would be a 
divisor of 2p and of 2q\/—3. One can show that both 2 and /—3 
are irreducible in Z[\/—3] (see the argument to follow). Since p and 
q have opposite parities it follows that 2 does not divide p+ qV—3, 
and from the fact that 3 { p one deduces that /—3 does not divide 
p+qvy—3 either. Accordingly, any common divisor of p+ q/—3 and 
p—qV/—3 must in fact be a common divisor of both p and q, which 
are relatively prime. Hence p+ qi/—3 and p—qW—3 have no common 
divisors in Z[,/—3] other than 1 and —1. Because their product is a 


cube, Euler concludes that each must be a cube, so in fact we have 


p+qv/—-3 = (a+ bV-3)?, 
p—qvV-3 = (a— by-3)° 


for some integers a and b. It now follows that 


pt+qvV—3 = a? + 3a7bV—3 — 9ab? — 3b°./—3 
= (a® — 9ab*) + (3a7b — 3b°)/-3, 


from which the desired equations (1) follow. 

The problem, of course, is that hidden in that argument is an 
assumption of unique factorization: we know that p — qV/—3 and 
p+ qV/—3 have no common divisors in Z[,/—3] (other than 1 and 


—1) and that their product is a cube. If we have unique factorization 
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into irreducibles in Z[,/—3], then we are able to conclude that each 


factor must itself be a cube. But in fact we do not have uniqueness: 


(1+ V-3)(1 — V—3) = 4 = (2)(2), 


and each of the numbers 2, 1 + /—3, and 1 — /—3 is irreducible in 
Z|\/—3]. Thus, Euler’s argument breaks down. 

Let us show, for example, that 1 + /—3 is indeed irreducible in 
Z|/—3]. Assuming the contrary, we have 1+ /—3 = ab, for some 
a,b € Z[/—3] that are not units. Then N(1 + /—3) = N(a-b) = 
N(a)-N(b), and so 4 = N(a)- N(b), implying N(a) = N(b) = 2. But 
if, for instance, a = u+ v\/—3, then u? + 3v? = 2, a contradiction. 

Example 4. Let S be the set of positive integers of the form a? + 
2b7, where a and b are integers and b #0. Prove that if p is a prime 


and p? € S, then pe S. 
(Romanian Mathematical Olympiad) 


Solution. It is clear that p > 2, since 4 ¢ S. Because p is odd, from 
p? = a? + 2b? it follows that a is odd, b is even, and gcd(a,b) = 1. 


From 
(p — a)(p + a) = 207, 


we get 


p-a=2"A, pta=2”"B, (1) 


where A and B are odd, m >1,n > 1, and m+n is odd. By adding 


the equalities (1) we obtain 


2p — 9m, aS B= Ome Oe 
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where C is again odd. It follows that min{m,n} = 1 and if one of 
the two exponents is 1, the other one is an even number. We need 
to consider two cases. 

Case 1. m = 1, n = 2r with r > 1. It follows that p—- a = 2A, 
p+a=2?"B, and so 


p? can az — 92r+1 4B = 2b2. 


From this we deduce 22”AB = b?. Also, from (1) it is easy to see 
that gcd(A,B) = 1. Hence A and B are perfect squares: A = a?, 


B = B?. Using (1) again we obtain 
p—a=2a7, p+ta=2?"p". (2) 
Adding the equalities (2), we get 
p= a? 4+2(2"-1p)?, 


Case 2. n = 1, m = 2s with s > 1. Then p—a = 2?" A, p+a = 2B, 
and so 


Similarly, we obtain b? = 2°AB, A = a”, B = 8”, and finally 
p= 6? + 2(2%1a)?. 


Remark. The problem comes from a well-known fact: the ring 


Z|V—2] is a UFD. 


We know that the units in this ring are +1. If p is a prime that is 
not is S, then p is irreducible and hence a prime in the ring Z[/—2]. 


Indeed, from 


p= (a+ bV—2)(c + dV—2) 
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we obtain 
N(p) = p? = (a? + 2b*)(c? + 2a”), 


and since p ¢ S, 
a74+2b?=1 or 742d? =1. 


It follows that, for example, a + b\/—2 = 1 and p is irreducible. 
Now let 


p’ = a? + 2b? = (a+ bV—2)(a — bV/—2). 


Using the fact that p is a prime, it follows that p | a+ b\/—2 or 
p|a—by/—2. This is a contradiction, because p | a and p | b implies 
a = pai, b= pby, and p = a? + 207. 


Example 5. Leta >b>c>d be positive integers and suppose 
ac+ bd=(b+d+a-—c)(b+d—a+o). 


Prove that ab + cd is not a prime. 


(42nd IMO) 
Solution. The equation is equivalent to 


a —ac+ Ce =b' +bd+d’. 


We will work in the ring of integers of Q[,/—3] and use the follow- 
ing result. 

Lemma. Let u,v,w,s be nonzero elements of the ring of integers 
of Q{/—3] such that uv = ws. Then u = zy, v = zt, w = xz, and 
s= yt for some integers x,y, z,t of Q{,/—3] with gcd(y, z) = 1. 

Proof. We have = = = = 4, where ged(y, z) = 1. 
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Then uz = wy; hence y | u, yielding u = xy and w = xz for some 
integer x of Q/V—3]. Similarly, z | v, and hence v = zt and s = yt, 
for some integer t € Q/V—3]. 


The condition a? — ac+ c = b? + bd+ d? translates as 


(a — cw)(a — cw) = (b+ dw) (b+ dw), 


where w is the primitive cubic root of unity aLivs | 


The lemma gives us the existence of x,y, z,t with gcd(y, z) = 1 


’ 
ww = ¥ 
a—cw = ry, a—cW = 2t, b+ dw = xz, b—dw = yt. Then = A 


and oe — = On the other hand, a—cw = a— cw, b+dw = b+ dw, 
ae | ee = 
and $9 = 4. So 2 = ¥. Since ged(y, z) = ged(y, Z) = 1, we deduce 


z=yYy. Then t= 7%, since ry = a — cw, ty = a — cw are conjugates. 
The conditions now read a — cW = TY, a+ cw = Ty, b+ dw = zy, 
b — dw = yx. Routine computations yield 
Tyw — ryw b yw — xcyw ry — xy d 
= = = SS ee aaa ial 
V3i V3i V3i V3i 


Then ab + cd equals 


a= 


wlrR 


— 3 (Tyw — xyW)(Tyw — xyw) — (TY — xy) (xy — Ty) 
1 1 
= —3I(@* (w —1)+2#°(m-1)= Ny) V3i(a%% — Fu). 
If 2° = ase then 27 — Fw = —V/3iv, so ab + cd = N(y)v. 


Therefore if ab + cd is a prime, then either N(y) = 1 or v = 1. 


Let us prove that N(y) > 1. We must analyze the cases y € 


{1, -1, w, —w, @, —w}. Let us take them one by one: y = +1 means 


a = b, and y = +w means b = c. Next, y = +w means a+d= 0, 


which is impossible, so indeed N(y) > 1. Finally, if v = 1, then set 
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ame 31? — k? + 6kl — /3i(k? — 31? — 2kl) 


8 


so v = 1 means k? — 31? + 2kl = (k +1)? — 4l? = 4, which is possible 


only for ! = 0 and k = +2, which is impossible, since & and | must 


be of the same parity. 
Exercises and Problems 
1. Find all pairs (x,y) of positive integers such that 
1374+ 3= 4/7. 
(Mathematical Reflections) 
2. Solve the equation 
x +3=y", 


where n is an integer greater than 1. 


3. Solve the equation 
a? +11 = 3", 


where n is an integer greater than 1. 
4. Solve the equation 


gt+at+2=y'. 


5. Let a and b be positive integers such that b = x? — dy” for some 


integers x, y,d with d = a? — 1. Prove that if b < 2(a+1), then 0 is 


a perfect square. 
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4.3 Quadratic Reciprocity and Diophantine 


Equations 


An integer satisfying gcd(a,m) = 1 is called a quadratic residue 
modulo m if x? = a (mod m) for some integer x. Otherwise, it is 
called a quadratic nonresidue modulo m. 

For example, 2 is a quadratic residue modulo 7 because, for in- 


stance, 3 = 2 (mod 7), while 3 is a nonresidue modulo 7. 


Let p be an odd prime. The Legendre symbol (s) is defined as 
follows: 
1 if ais a quadratic residue modulo p, 
a 
(2) = 4 -1 if ais a quadratic nonresidue modulo p, 


O:..at pla. 


The basic properties of Legendre symbol are given in the following 
theorem. 


Theorem 4.3.1. Let p be an odd prime. Then 


vs 
as 
we 


4.8 Quadratic Reciprocity and Diophantine Equations 179 


Proof. (1) Note that by Fermat’s little theorem, the polynomial 
x?—+!—1 has all the nonzero numbers mod p as roots mod p. Factoring 
this as 2?-!—1 = (x®-D/2 _1)(¢@-D/? +1), we see that pot of the 
nonzero residue classes are roots of the first factor and hence have 
a®-))/2 = 1 (mod p), and the same number are roots of the second 
factor and have a'?—!)/? = —1 (mod p). If a is a quadratic residue, 
then a = b? (mod p) for some b and a'—)/? = pp-! = 1 (mod p). 
Since there are — quadratic residues mod p, these must be the only 
elements with a®—))/? = 1 (mod p), and the quadratic nonresidues 
must have a®—))/2 = —1 (mod p). Thus in either case, 

(<) =a?-Y/2 (mod p). 


(2) From (1) we get 


and 
Therefore 


(3) We obtain from (2) 


)-()(@)- 


(4) Follows directly from the definition. 


(5) Follows from (1) with a = —1. 
The most important result about quadratic residues is Gauss’s law 


of quadratic reciprocity. 
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Theorem 4.3.2. Let p and q be distinct odd primes. Then 


() (4) =(-1)r >, 


For a proof of this result we refer the reader to [HaWr]. 
Here are some immediate consequences of the law of quadratic 


reciprocity. Let p and q be distinct odd primes. Then 


1. ifp =q=1 (mod 4), then p is a quadratic residue modulo q 


if and only if q is a quadratic residue modulo p. 


2. if p = 1 (mod 4) and gq = 3 (mod 4) or vice versa, then p is 
a quadratic residue modulo q if and only if g is a quadratic 


residue modulo p. 


3. if p = q = 3 (mod 4), then p is a quadratic residue modulo q 


if and only if g is a quadratic nonresidue modulo p. 


We will show how quadratic residues can be used in the study of 
certain Diophantine equations. 
Example 1. Prove that x? —17y? = 12 is not solvable in integers. 
Solution. Looking modulo 17 we have x” = 12 (mod 17), while 
by the facts about the Legendre symbol and the law of quadratic 


w@-A)-OG-@) 
Gee Ga 


Example 2. Let p and q be distinct primes, each congruent to 3 


a contradiction. 


modulo 4. Then the equation 


a? — py’ =q 
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has no integral solution. 

Solution. Indeed, this equation is solvable only if g is a quadratic 
residue modulo p and p is a quadratic residue modulo q. But this 
is not possible, according to consequence (3) of the law of quadratic 
reciprocity. 

Example 3. The equation x? —3y? = p has no solution in integers 
when p= 2 orp=3. 

Solution. Looking modulo 3 at the equation x? — 3y? = 2, we get 
x? = —1 (mod 3), acontradiction. Reducing the equation x? —3y? = 


3 modulo 4, we obtain x? + y? = 3 (mod 4), a contradiction. 


Exercises and Problems 


1. For a prime p, the equation x? —3y? = p has solutions in integers 
if and only if p= 1 (mod 12). 


2. Let p be a prime of the form 4k + 3. Prove that exactly one of 


the equations «2? — py? = +2 is solvable. 
3. Let p be a prime of the form 8k + 7. Prove that the equation 


x? — py” = 2 is solvable. 


4.4 Divisors of Certain Forms 


In this section we will discuss possible divisors of expressions of the 
type a? + b?, a? + 2b7, and a® — 2b?, where a and b are integers. 
This method goes back to Fermat and Lagrange and has multiple 


applications in the study of Diophantine equations. 
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4.4.1 Divisors of a? + b? 
Theorem 4.4.1. Each odd prime divisor of a2 +1 is of the form 


4k +1. 
Proof. Suppose p | a? +1, where p = 4m +3. Then a? = —1 
(mod p), implying a?-! = (a?)?"+! = —1 (mod p), contradicting 


Fermat’s little theorem. 


Theorem 4.4.2. (1) Let a and b be relatively prime integers and 
let p be an odd prime dividing a? + b?. Then p=1 (mod 4). 

(2) If p =3 (mod 4) is a prime divisor of a? + b*, then p| a and 
p |. 

Proof. (1) Assume p | a? + 67, with p = 4m-+ 3. Hence a? = 
—b* (mod p), implying a?”*! = (—}7)?"*1, that is, a?-1 = —pP-+ 
(mod p). On the other hand, gcd(a,b) = 1 implies p { a and p { 8, 
and using Fermat’s little theorem again, we obtain 1 = —1 (mod p), 
a contradiction. 

(2) If gcd(a,p) = 1, then gced(b,p) = 1, and from Fermat’s little 
theorem, a?~' = 1 (mod p) and b?-! = 1 (mod p). On the other 
hand, if p = 4m +3, from p | a? + b? we get a? = —b* (mod p), 
implying (a2)? = (—b?) = (mod p), ie., a?~! = —b?-! (mod p). 


We reach again 1 = —1 (mod p), a contradiction. 


Thus p|a and p |b. 


Remark. It is clear that statement (2) implies Theorem 4.4.1 and 
statement (1) in Theorem 4.4.2. 


Theorem 4.4.3. (Thue’s lemma). /f n is an integer greater than 


1 and a is an integer relatively prime to n, thenn|ax+y for some 
positive integers x and y less than \/n and a choice of the signs + 


and —. 
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Proof. Assume that n is not a perfect square. Let t = |./n| +1 
and let S = {ar +y|0<2, y<t-—1}. Clearly, S has t? elements. 
Because t? > n, from the pigeonhole principle it follows that there 
exist two distinct elements in S, ax; + y; and ax2 + ye, such that 
ax, + yi = are + yo (mod n), 21 > £2, that is, a(x — 22) = y2-Y1 
(mod n). Now take « = x, — x2 and y = |y2 — yj]. It is clear that 


x and y are nonzero, since gcd(a,n) = 1. For this choice, it is clear 


that n | aw +y and 0 < x,y < Jn. If n is a perfect square, then 


set n = d?. In this case, if one of x and y is d, then the other is a 


multiple of d and hence is also d. But then a=d+1. Fora=d-1, 


we take « = 1, y = d—1, and the minus sign. For a= d+1 we take 


x=d-—1, y=1, and the plus sign. 


In the study of certain Diophantine equations we use some of these 
results as follows: if one side of the equation can be written as x? +a? 
with gcd(z,a) = 1, while the other side has a divisor of the form 
4k + 3, then the equation is not solvable in integers. 

Example 1. Let n be an odd integer greater than 1. Prove that 
the equation 


gr i gn-l = y" 


is not solvable in odd positive integers. 
(Ion Cucurezeanu) 


Solution. Write the equation as 
gh ae gn y" afi gn-1 


The left-hand side of this equation has a prime divisor of the form 


4k + 3. Indeed, if x is of this form, then at least a prime divisor 
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of x” + 2” is of the form 4k + 3. If x is of the form 4k + 1, then 
x +2 divides x” + 2” and is of the form 4k + 3. In each case, since 
gcd(y, 2°5") = land y?+2"~! has a prime divisor of the form 4k+3, 
we get a contradiction to the result in Theorem 4.4.2.(1). 


Example 2. Prove that the equation 


a—2?+8=y" 


is not solvable in integers. 


(Ion Cucurezeanu) 


Solution. For x odd, write the equation as 
(g + 2)(a? — 22 +4) = 27 +3’. 


It is clear that gcd(z,y) = 1. Ife = 4k 4+ 1, then 2 +2=4k+3 
has a prime divisor of this form that divides x? + y?, impossible. If 
x = 4k+3, then 2? —2xr+4 is of the form 4m +3, and by the same 
argument, we again get a contradiction. 


For x = 2u, the equation becomes 
Qu? — u2 +2 = 27. 


If u is odd, then the left-hand side is congruent to 3 (mod 4), and 
so it cannot be a perfect square. If u is even, then the left-hand side 
is congruent to 2 (mod 4) and again cannot be a perfect square. 


Example 3. Solve in integers the equation 
o—d4=y?, 


(Balkan Mathematical Olympiad) 
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Solution. Looking mod 8 it follows that y and x are odd. Because 
x divides y? + 27, it cannot be of the form 44 +3. Hence « = 4k +1 


and the equation can be written as 
oh +25 = 4? 4.6, 


If 3{ y, we again reach a contradiction (2 +2 = 4k +3 is a divisor 
of y? + 6? and gcd(y, 6) = 1). 
If y = 3y1, then x° + 2° = 3?(y? + 4). We will prove that if 


d = gcd 2, —— 
gc («+ oD 


then d| 5. Indeed, from the identities 
a’ +b? = (a +b)° — 5ab(a? + ab + 0) 


and 
a* +ab+b? = (a+b)? —ab, 
it follows that 


ae an 
a+b 


= (a+ b)* — 5ab(a + b)? + 5a7b?. 


Fora = 2 andb=2,d|a+bandd| a+" hence d | 5a7b? = 


5+ (2x). But ged(x + 2,27) = 1, as x is odd, so gcd(d, (2x)”) = 1 


and so d | 5. It follows that at least one of the numbers x + 2 and 


42° 
x+2 


does not divide 3, and since both are congruent to 3 (mod 4), 


y; +4 has a prime divisor of the form 4k +3, contradicting Theorem 
4.4.2.(1). In conclusion, the equation is not solvable in integers. 


Example 4. Prove that for no integer n isn" +7 a perfect square. 


(Titu Andreescu) 
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Solution. For n even, n' +7 = 3 (mod 4), so it cannot be a perfect 
square. For n = 3 (mod 4), n’+7 = 2 (mod 4), so again it cannot be 
a perfect square. For n = 1 (mod 4), ifn’ +7 = q?, for some integer 
q, then n’ 4+ 27 = q? +117, so n+2 is a divisor of g?+11?,n+2=3 
(mod 4), and if gcd(q,11) = 1, this contradicts Theorem 4.4.2.(1). 
If q is divisible by 11, then q = 11q, and n’ + 27 = 117(q? + 1). We 


will prove that if d = gcd (n + 2, my), then d | 7. Indeed, from 


the identities 
a’ +b" = (a+b) — Tabla + b)(a? + ab + 0°)? 


and 


a bab = (a+b) — ab, 


it follows that 


74 pe 
me, — (a t b)® Tab(a | Oy 14a" be (ab)? 7a" be. 


Fora =nandb=2,d|a+bandd| 4% 


TLpl 
eet ; hence d | 7a?b? = 


7-(2n)?. But gcd(n + 2,2n) = 1, since n is odd, so ged(d, (2n)?) = 1 


and so d | 7. It follows that at least one of the numbers n + 2 and 


nt 427 


t+ does not divide 11, and since both are congruent to 3 (mod 4), 


q? +1 has a divisor of the form 4k +3, contradicting Theorem 4.4.1. 


4.4.2 Divisors of a? + 2b? 


Theorem 4.4.4. An odd prime p can be written as p = a? + 2b? 
for some integers a and b if and only if p = 1 (mod 8) or p = 3 
(mod 8). 

Proof. If p = a? + 2b?, then a? = —2b? (mod p 


). Let 0! be an 
integer for which bb’ = 1 (mod p). Then (ab’)? = —2 (mod p), that 
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is, (=2) = 1. It follows that 


2)=@)@)=co co 


hence (-2) = 1 if and only if pot + PEM 2k, for some integer 


8 
(p-1)(p+5) 
8 


k. This is equivalent to = 2k, which amounts to p = 1 
(mod 8) or p= 3 (mod 8). 

Conversely, suppose p = 1 (mod 8) or p = 3 (mod 8). Then 
(2) = 1 and a? = —2 (mod p) for some integer a. Using Thue’s 
lemma (Theorem 4.4.3), it follows that there exist integers x and y, 


with 0 < 2,y < \/p, such that p | ax + y for a choice of signs + and 


—. Therefore p | a?x? — y?, and so p| (a? + 2)x? — (227 + y?). But 
p | a? + 2, implying 2x? + y* = pk, k € Z, and 0 < 22? + y? < 3p, 
yielding k € {1,2}. 

For k = 1, we get p = 2x? + y? and we are done. For k = 2, 
2p = 227+; hence 2 | y. Then we can write y = 2y, so p = 27 +2y?, 
and we are done again. 

Remarks. (1) The result in the theorem above shows that each 
prime p that is congruent to 1 or 3 modulo 8 is not irreducible in the 
ring Z[/—2]. 

(2) If p is a prime of the form 8k — 1 or 8k — 3 and p | a? 4+ 2b?, 
then p | a and p|b. 

Indeed, if p{ a, then p{b and we can find an integer b’ such that 
bb’! = 1 (mod p). From a? = —2b? (mod p), it follows that (ab)? = 
—2 (mod p). Because gced(ab’,p) = 1, we get (=) = 1, yielding 
p=1 (mod 8) or p=3 (mod 8), a contradiction. 

We can use the above results in the study of certain Diophantine 


equations as follows: 
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If one side of an equation can be written as x? + 2y? with 
gcd(x,y) = 1, while the other side has a prime divisor congruent 
to —1 or —3 modulo 8, then the equation is not solvable in integers. 


Example 1. Prove that the equation 
e—3= Qy” 


is not solvable in integers. 
(Ion Cucurezeanu) 


Solution. Write the equation in the equivalent form 

Ge = La2Gr et); 

(ii) 2? +1 = 2(y? + 2). 

Note that both right-hand sides are not divisible by 8. Because x 


is odd, we need to examine the cases x = 8k +1 and x = 8k +3. 
If « = 8k +1, the left-hand side of (i) is divisible by 8, a contra- 


diction. The same is true for (ii) when x = 8k — 1. 


If ¢ = 8k +3, x? —x +1 is of the form 8m —1 or 8m — 3, and has 
a prime divisor of this form, so, according to Theorem 4.4.4, cannot 


divide y? + 2. 


4.4.3. Divisors of a? — 2b? 


Theorem 4.4.5. An odd prime p can be written as p = a? — 2b? 
for some integers a and b if and only if p= 1 (mod 8) or p= -1 
(mod 8). 

Proof. Indeed, if p = a? — 2b”, then a? = 2b? (mod p). Let b’ be an 
integer such that bb’ = 1 (mod 8), so (ab’)? = 2 (mod p), yielding 
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7 


and we have (2) = 1 if only if p=1 (mod 8), or p=~—1 (mod 8). 

Conversely, if p = 1 (mod 8), or p = —1 (mod 8), by Thue’s 
lemma we can find positive integers x and y with 0 < x,y < \/p 
such that p | a?x? — y?, where a is an integer such that a? = 2 


(mod p). Hence p | (a? — 2)x? + 2a? — y?, so p | 2x? — y?. We obtain 


0 < 2a? — 7? < 2Qp, yielding p = 2x? — 7. 


Remarks. (1) If p is a prime of the form 8k — 3 or 8k + 3, and 


p | a2 — 2b?, then p| a and p| b. 


(2) If p is a prime congruent to +1 (mod 8), then the general Pell 
equation x? — 2y? = p is solvable. 

In order to prove the property in the first remark, suppose p { a. 
Then p{ b, and hence bb! = 1 (mod p) for some integer b’. It follows 


that (ab’)? = 2 (mod p). Because ged(ab’,p) = 1, we have (2) 213 


hence p = +1 (mod 8), a contradiction. 
We can use the result in Theorem 4.4.5 as follows: 
If one side of an equation can be written as x? — 2y?, with 


gcd(x,y) = 1, while the other side has a prime divisor congruent 


to +3 (mod 8), then the equation is not solvable in integers. 


Example 1. Consider the equation 


8ry — (x+y) = 27. 


Prove that: 


(1) It is not solvable in positive integers. 
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(2) The equation has infinitely many solutions in negative inte- 
gers. 


Solution. (1) Write the equation as 
(82 —1)(8y —1) = 827 +1 


and assume that it is solvable in positive integers. Because 8x—1 > 7, 
it has a prime divisor of the form 8m — 1 or 8m — 3, and according 
to Theorem 4.4.4, 82 — 1 cannot divide 2(2z)? + 1, a contradiction. 


(2) The triples (x,y, z), where 
g=-1, y=-9n?=2n, z= -9n-1, 


where n is any positive integer, are negative integer solutions. 


Exercises and Problems 


1. Let p be a prime of the form 4k + 3. Prove that the system of 
equations 
(p— 1x? +y? = v?, 
ope ae, 
is not solvable in nonzero integers. 
2. Prove that the equation x? + y? = z” + 2” is not solvable if 


gcd(x,y) = 1 and n is an odd integer greater than 1. 
(Ion Cucurezeanu) 
3. Prove that for any integer n greater than 1, the equation 
a+ May?+2 
is not solvable. 


(Ion Cucurezeanu) 


Part II 


Solutions to Exercises and 


Problems 


If.1 


Solutions to Elementary Methods for 


Solving Diophantine Equations 


1.1 The Factoring Method 


1. Solve the following equation in integers x,y: 
x? + 6xy + 8y? + 3a + by = 2. 
Solution. Write the equation in the form 


(a + 2y)(a + 4y) + 3(a@ + 2y) =2 or (x4 2y) (ax + 4y + 3) = 2. 


We obtain the solutions (0,—1), (3, —2), (3, —1), (6, —2). 
2. For each positive integer n, let s(n) denote the number of or- 


dered pairs (x,y) of positive integers for which 


Find all positive integers n for which s(n) = 5. 


(Indian Mathematical Olympiad) 


T. Andreescu et al., An Introduction to Diophantine Equations: A Problem-Based Approach, 193 
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Solution. Let n = pf'---p2*. From the remark in Example 2, it 
follows that (2a; + 1)--- (2a, +1) = 5. Hence k = 1 and ay = 2. 
Thus n = p’, where p is a prime. 

3. Let p and q be distinct prime numbers. Find the number of pairs 


of positive integers x,y that satisfy the equation 


(K5MaL) 


Solution. The equation is equivalent to (x — p)(y — q) = pq. There 


are four solutions: 


(1+ p,q(1+p)), (2p,24), (Pt+a,p+4q), (p(1+4),1+4). 
Remark. For the equation 
Moy: 
x 
where m and n are positive integers, denote by s(m,n) the number 
of all solutions in positive integers. For any positive integer N > 1 


denote by t(V) the number of all its divisors. We have s(m,n) = 


T(mn) with the convention 7(1) = 0. 


Veo sep n= pe .- pee, where some of the exponents 


can be zero, it follows that 
s(m,n) = (a1 + 61 + 1)(a2g + Bo +1)--- (ag + By +1). 
4. Find the positive integer solutions to the equation 
ee —y? =ry+ 61. 


(Russian Mathematical Olympiad) 
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First Solution. Multiplying the equation by 27 and subtracting 1 


from both sides, we obtain 


(32)? + (—3y)? + (—1)? — 3(3x)(—3y)(—1) = 1642. 


The left-hand side is of the form a® + b® + c? — 3abc, and as we 


have seen in Example 5, it factors as 
(32 — 3y — 1)(9x? + 9y? +14 Yay + 3x — 3y) = 2- 823. 


Since the second factor in the left-hand side is larger than the first, 
taking into account that 823 is a prime and that 3x2 — 3y — 1 = 2 
(mod 3), it follows that 3a — 3y — 1 = 2 and that 


9x? + Oy? +14 Yay + 3x — 3y = 823. 


The solution is (6,5). 

Second Solution. It is clear that x > y. Let x—y = d, sox =y+d. 
The equation is equivalent to 3y7d+3yd? +d? = y?+dy+61. We get 
(3d — 1)y? + (3d? — 1)y + d® = 61. The last relation implies d? < 61; 
hence d = 1, 2,3. 

If d=1, then 2y? + 2y + 1=6, yielding y = 5 and x = 6. 

If d= 2 and d = 3, then the equation in y has no integral solutions. 


5. Solve the Diophantine equation 
i y" = A, 


where x is a prime. 


Solution. The equation is equivalent to x = (y? + 2)? — (2y)?, ie., 


x = [(y—1)? + I[(y+1)? +]. 
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If y A +1, x is a product of two integers greater than 1; hence it 
is not a prime. The solutions are (5,1), (5,—1). 


6. Find all pairs of integers (x,y) such that 
o° + 32° +1=y". 
(Romanian Mathematical Olympiad) 


Solution. Write the equation in the form (x°?+1)?+(23+1) = y4+1, 


or equivalently, (2x3 + 3)? — 4y4 = 5. We obtain the systems 


9? = Oy" £3. 1, 0? 07 oS, 
Qn? + 2y7-+3=5, Qa? + Qy? +3 = —5, 
223 — Qy? +3 =5, Qe — Qy? +3 = —5, 
2e° + Qy74+3=1, 9e% 4 Oy? 4-3 = =], 


The solutions are (0,1), (0,—1). 


7. Solve the following equation in nonzero integers x,y: 
(a? +y)(e@+y") = (a-y)?. 
(16th USA Mathematical Olympiad) 


Solution. The equation is equivalent to the following quadratic 


equation in y: 
Qy? + (x? — 3x)y +327 +2 =0. 


This equation has integral solutions if and only if its discriminant 


x(a + 1)?(x — 8) is a perfect square. It follows that x(x — 8) = 2? or 


(x—4)?—z? = 16. This leads to the equation (x—z—4)(x+z—4) = 16. 
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We obtain x € {—1,8,9}; hence the solutions are (—1, —1), (8, —10), 
(9, -6), (9, —21). 

8. Find all integers a,b,c with1 <a<b<c such that the number 
(a—1)(b—1)(c—1) ts a divisor of abc — 1. 


(33rd IMO) 


Solution. It is convenient to let a—1=2,b-—1l=y,andc-—1=2z. 
Then l<a<y<zand xyz |(cytyzt+2zrat+ut+ytz). 

The idea of a solution is to point out that we cannot have ryz < 
ry t+yz+2r+a+y-z for infinitely many triples (x, y, z) of positive 
integers. Let f(x,y, z) be the quotient of the required divisibility. 


From the algebraic form 


1 1 1 1 1 1 
f(@y.z)==+-+=+—+—4+— 
LY 2 CY YF we 


we can see that f is a decreasing function in each of the variables 


x,y,z. By symmetry and because z, y, z are distinct numbers, 
5 


Thus, if the divisibility is fulfilled we can have either f(x,y, z) = 
1 or f(x,y,z) = 2. So, we have to solve in positive integers the 


equations 


tyt+tyzt+z2nr+at+yt2e=kayz (1) 


where k = 1 or k =2. 
Observe that f(3,4,5) = 23 < 1. Thus x € {1,2}. Also f(2,3,4) = 
33 < 2. Thus, for x = 2, we necessarily have k = 1. The conclusion 


is that only three equations have to be considered in (1). 
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Case 1: x = 1 and k = 1. We obtain the equation 
14+ 2(y +z) + yz = yz. 


It has no solutions. 


Case 2: x = 1 and k = 2. We obtain the equation 
1+2(y+z) = yz. 


Write it in the form (y — 2)(z — 2) = 5 and obtain y — 2 = 1, 
z—2=5. It has unique solution: y = 3, z = 7. 


Case 38: x =2 and k = 1. We obtain the equation 
24+ 3(y +z) = yz. 


By writing it in the form (y —3)(z—3) = 11, we obtain y—3 = 1, 
z—3= 11. Thus, it has a unique solution: y = 4, z = 14. 


From Case 2 and Case 3 we obtain respectively a = 2, b = 4, 


c = 8, and a = 3, b = 5, c = 15. These are the solutions to the 


problem. 

9. Find all right triangles with integer side lengths such that their 
areas and perimeters are equal. 

Solution. Let x, y be the lengths of the legs and let z be the length 
of the hypotenuse. Then z = ve x2 + y? by the Pythagorean theorem. 
Equating the area and perimeter yields 


x 
FF antyt Very. 


2 


Multiply by 2, isolate the radical, and square. This yields 


(zy — 2(2 + y))” = 4(27 + y”), 
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or 
xy? — dary(a + y) + 4(a* + y? + 2ary) = 4(2? $y”). 
We have 
ay” — 4ary(x + y) + 8ary = 0. 

Clearly, we should divide out by xy, since it is never equal to zero. 

We get 
zy — 4% —4y+8=0. 

Add 8 to both sides to make the left-hand side factor. We now 
have 
and since the variables are integers, there are only finitely many 
possibilities. The only solutions (x, y) are (6,8), (8,6), (5, 12), (12, 5), 
which yield just two right triangles, namely the 6-8-10 and the 5-12- 
13 triangles. 


10. Solve the following system in integers x,y, Z,U,U: 


gtytz+utve=cyuvt+(rt+y)\(ut), 
sytz2+uv = cry(utv) t+ u(x + y). 


(Titu Andreescu) 
Solution. Subtracting the second equation from the first yields 
(c+ty—axy)+(utv—uv) =(a+y—xry)\(ut+v—ud), 


or 


[((a+ty—zy) —1][(u+v—uv)—1] =1, 


which is equivalent to (1 — x)(1 — y)(1 — u)(1 — v) = 1. The last 
equation has solutions (0,0,0,0), (0,0,2,2), (0,2,0, 2), (0,2,2,0), 
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(2,0, 0, 2), (2,0, 2,0), (2,2,0,0), (2,2, 2,2). The solutions (2, y, z, u,v) 
of the system are: (0,0,0,0,0), (0,0,—4,2,2), (0,2,0,0, 2), 
(0,2;0,.2,0); (2,0; 0, 0,2); (2, 0;0;2;0); (2,2:—4; 0,0), (2:2, 24:9 9). 
11. Prove that the equation x(x +1) = p?”y(y +1) is not solvable 
in positive integers, where p is a prime and n is a positive integer. 
Solution. We have p2” | x or p2” | a + 1; hence in any case p?” < 
x+1. The equation can be written as (2x+1)?—1 = p?”(2y+1)?—p?”; 


hence 


p™ —1=p'"(2y +1)? — (2a +1)? 


= [p"(2y +1) + (22 + 1)][p"(2y + 1) — (22 + 1); 


hence p2” — 1 > (22+ 1)-1, contradicting p?” < #+1. 
Remark. The conclusion does not remain true if the exponent of 


p is not even. For example the equation 
x(a +1) = 2°y(y +1) 


has solutions (x, y) = (15,5) and (a, y) = (82,11). 
12. Find all triples (x,y,p), where x and y are positive integers 


and p is a prime satisfying the equation 
oe t+at+1=p". 
(Titu Andreescu) 


Solution. Clearly, (x,y,p) = (1,1,3) and (x,y,p) = (2,2,7) are 


solutions. We have 


pte t+1la=e +244 23 — (2? -1) =23(c24+44+1) - (22-1) 
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hence we can write the equation as 
(2? +a 4+1)(2? —2 +1) =p 
and let d = ged(a? + x + 1,23 — x +1). Then d divides 
(2 —1)(2? +24+1)- (2? —¢#4+1)=2-2, 


so d divides x? + 2 —1-—(x—2)(2+3) = 7. Hence d= 7 for x > 1, so 
p = 7. It follows that for x > 2, 2?+a+1 = 7% and #?—2+1=7? for 
some integers a > 2 and b > 2. This means that 49 divides 27+ 2+1 
and x? — x +1, contradicting d = 7. Thus (1,1,3) and (2,2,7) are 
the only solutions. 


13. Find all pairs (x,y) of integers such that 


(Titu Andreescu) 
Solution. Write the equation as 
a + y? + 3ry = 6021, 


or equivalently, 


It follows that 
(a+y—1)\(2?+y?+1-ay+2+4+y) = 6020, 
which can be written as 


(a+y—A1)(x+y)(e@+y4+1) +1 - 3ay] = 2?-5-7-43. 
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Because 
(c+y\(ea+yt+1)4+1-3ry>2e+y-1, 


out of the 24 factors of 6020, only 12 can be potential candidates for 
zety-l. 

Also, since 6020 = 2 (mod 3), we can easily observe that only 
when «+ y—1 = 2 (mod 3) will we have integer solutions for xy. 
This again reduces the number of possible candidates for «+ y — 1, 
now to only five, namely 2, 5, 14, 20, and 35. Examining each of 
them, we find that only x + y — 1 = 20 gives integer solutions for 
(x,y). Hence using x + y — 1 = 20, we find the solutions (3,18) and 
(18,3). Both satisfy the given equation. 


1.2 Solving Diophantine Equations Using 


Inequalities 


1. Solve in positive integers the equation 
3(xy + yz + 2x) = Aryz. 


Solution. The equation is equivalent to t+ 7 +4 = 4. Considering 
x<y <4, it follows that 3 > 5, le, xo < 2. Therefore x € {1,2}. 
Analyzing the two, cases we obtain the solutions (1,4,12), (1,6,6), 
(2, 2,3) and all their permutations. 


2. Find all triples of positive integers (x,y,z) such that 
cy tyzt+ 2x — cyz = 2. 


First Solution. Let u=2—1,v=y-—1, w= z-—1. The equation 


becomes u + vu+w = uvw. We either have (u,v,w) = (0,0,0) or 
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uvw # 0. In the latter case the equation is equivalent to 


1 1 1 


Se ee a 


vw wu uv 
which is of the type 4 + 4 + ‘ = 1. Assuming m < n < p, we 
obtain the solutions (m,n,p) = (2,3,6), (2,4,4), (3,3,3). The last 
two situations are not possible, since (uwvw)? = 32 and (uvw)? = 27, 


respectively. We obtain vw = 2, wu = 3, uv = 6, yielding uvw = 6, 


and u = 3, v = 2, w = 1. The solutions (x,y,z) are (1,1,1) and 


(4,3,2) and all permutations. 

Second Solution. From the equation it follows that ry + yz+ zx > 
xyz; hence 1 + 7 - 4 > 1. Assuming that x < y < z, from the last 
relation we obtain 3 > 1, that is, x € {1,2}. 

If « = 1, then the equation becomes y + z = 2; hence y = z = 1, 
giving the solution (1, 1,1). 

If « = 2, then the equation is equivalent to 2y+2z— yz = 2; hence 
(y — 2)(z — 2) = 2, giving the solution (2,3, 4). 

3. Determine all triples of positive integers (x,y,z) that are solu- 


tions to the equation 
(c+y)?+3e+yt1=27. 
(Romanian Mathematical Olympiad) 


Solution. The inequalities (x + y)? < (a1 +y)?+3r+y4+1 < 
(2+ y+ 2)? imply (x+y)? +3e¢+y+1=(r4+y+1)’. It follows 
that « = y=k € Z,; hence all the solutions are (k,k,2k +1). 


4. Determine all pairs of integers (x,y) that satisfy the equation 


(e@+1) = (2=1)*=y°. 
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(Australian Mathematical Olympiad) 


Solution. We have (x + 1)4 — (2 — 1)* = 82° + 8x. Suppose 
a pair (2,y) of integers is a solution and assume x > 1. Then 
(2x)? < (n+1)4—(x—1)4 < (22+1). Hence 2x < y < 2241, acon- 
tradiction. Therefore for every solution (x,y), the integer x must be 
nonpositive. Now observe that if (x,y) is a solution, then (—x,—y) 
is also a solution; hence —x must be nonpositive. Therefore (0,0) is 
the only solution. 


5. Prove that all the equations 
a® + ax* + bz? +c= y°, 


where a € {3,4,5}, b € {4,5,...,12}, ec © {1,2,...,8}, are not 


solvable in positive integers. 
(Dorin Andrica) 


Solution. The given conditions imply x° + 3x4 + 327 +1 < y> < 
x® + 6x4 + 1227 + 8, ie., (x? +1)% < y? < (x? + 2)3, which shows 
that each of the considered equations is not solvable. 


6. Solve in positive integers the equation 
ay + y?z + 272 = Bayz. 


Solution. Note that this is the equality case in the AM—GM in- 
equality 
wy + yz t+ zea > 34/(2?y) (yz) (272) 


2 


Hence we must have x2y = y2z = z*a, which implies 2? = yz, 


y? = zz, 27 = ry, ie, (x —y)*? + (y—z)? + (2-2)? = 0. The 


solutions are (k,k,k), k € Zy. 
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7. Find all integer solutions to the equation 
(a? — y*)? = 1+ 16y. 


(Russian Mathematical Olympiad) 


Solution. The solutions are (+1,0), (£4,3), (+4,5). We must have 
y > 0. Since the right-hand side is nonzero, so then must be the 
left hand side; hence |x| > |y| + 1 or |x| < |y| — 1. In either case, 
(x? — y*)? > (2y — 1)2, so (Qy — 1)? < 1+ 16y, and hence y < 5. 
Trying all such values of y yields the above solutions. 


8. Find all integers (a,b,c,x,y,z) such that 


at+b+c=xryz 


t+ty+z=abe 


anda>b>c>ll,#x#>y>22>1. 


(Polish Mathematical Olympiad) 


First Solution. First we claim that at least one of bc and yz is less 
than 3. If be = 3, then b= 3, c=1,a+b+4+c < 3a = abc; if bc > 8, 
then abc > 3a > a+b+c. Thus for bc > 3, we have abe >a+b+¢ 


and 
3a >at+ytz2=abe>a+b4+c=4yz > 3> yz. 


This proves our claim. Without loss of generality, suppose that 
yz =1or 2. 
If ye = 1, then y= z= 1. We have 


abe=a+y+2=24+2=247y2+2=a4+b4c4+2. 
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If c > 2, then be > 4 and 4a < abc = a+b+c4+2 < 4a; 
thus a = b = c = 2. We obtain the solutions (2,2,2,6,1,1) and 
(6,1,1,2,2,2). Ifc=1, then ab =a+b+3. If b > 3, then 3a < ab= 
a+b+3<3a > a=b=3. We obtain the solutions (3,3, 1,7, 1,1) 
and (7,1,1,3,3,1). If b = 2, we have a = 5 and obtain the solutions 
(5, 2,1,8,1,1) and (8,1,1,5,2,1). If b = 1, we have a= a+4, which 
is impossible. 


If yz = 2, then y = 2, z = 1. We have 
2abe = 2(a + y4+ 2) = 2274+6=2yz2+6=a+b+c4+6 < 3a+6. 


If c > 2, then 8a < 2abe < 3a+6 => 5a < 6, which contradicts 
the fact that a > c. Thus c= 1, and 2ab = a+b+7. If b > 3, then 
6a < 2ab=a+b4+7 => a<b/5+7/5, which contradicts the fact 
that a > b. If b = 2, then 4a = 2ab = a+ 9 and a = 3. We obtain 
the solution (3,2,1,3,2,1). If b = 1, we have a = 8, repeating the 
solution (8,1, 1,5, 2,1). 

Second Solution. Let 


A=(ab—1)(e-1), B=(a—1)(-1), 


X = (ay-1j(z2-1), Y=(e-1)(y-1). 
Thus A,B, X,Y are nonnegative integers such that 
A+B4X4+Y=4. 


Clearly, neither of c and z can be greater than 2; that would force 
either A or X to be greater than 4, and contradict the fact that 
A+B4X+4+Y=4. 


1.2 Solving Diophantine Equations Using Inequalities 207 


If c= 2, we have a,b > 2 and A> 3, B>1. Thus A=3, B=1, 
X = Y = 0. This yields the solution (2,2,2,6,1,1). Similarly, if 
z = 2, we have (6,1,1,2,2,2) as a solution. 

Now we suppose that c = z = 1. We have A = X = O and 
B+yY =4. Without loss of generality, suppose that Y < B, (ie., 
Y =0,1,2). 

If Y = 0, we have B = (a—1)(b-—1) = 4. This leads to the 
solutions (5,2,1,8,1,1) and (3,3,1,7,1,1). By symmetry, we also 
have the solutions (8,1,1,5,2,1) and (7,1,1,3,3,1). 

IY jd, then ¢= y= 2nd B= (e—oO-— 1) a3 >] ¢=4, 
b=2, buta+b+c=T7F xyz. 

If Y = 2, then (x — 1)(y—1) = (a-1)(b- 1) =2 i= 3; 
b= y = 2. We obtain (3, 2,1,3,2,1) as our last solution. 


9. Let x,y, z,u, and v be positive integers such that 


LYZU = UL+Y+tZ+ut v. 


Find the maximum possible value of max{x, y, z, u,v}. 
First Solution. Suppose that «<< y<z<u<_v. We need to find 


the maximum value of v. Since 


v<atyte2tutu < dv, 


then v < zyzuv < 5v or 1 < szyzu < 5. Hence (z,y,z,u) = 
(1,1, 1,2), (1,1,1,3), (1,1,1,4), (1,1,2,2), or (1,1,1,5), which leads 


to max{v} = 5. 
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Second Solution. Note that 


1 1 1 1 1 
b= + + + + 
YZUV ZUVEL UVXLY ULYZ LY ZU 


ee es ee eee 
uw uv ue uv 


Therefore, wv < 34+u+v or (u—1)(v—1) < 4. If u = 1, then 
x=y=2=1and4+v =v, which is impossible. Thus u—1 > 1 and 
v—1<4orv <5. It is easy to see that (1,1,1,2,5) is a solution. 
Therefore max{v} = 5. 

Remark. The second solution can be used to determine the max- 
imum value of max{x1,%2,...,%n} when 21,2%2,...,%n are positive 


integers such that 
L266 Xyn = AX_ + XLat+:+ +2. 
10. Solve in distinct positive integers the equation 
e+yt22tw? =3(et+ytz+u). 
(Titu Andreescu) 


First Solution. Without loss of generality, assume that 7 < y < 


z<w. Thena>1l,y>2,z2>3,w>4. 


We have 


ety te2tw?=Betytet+) 


l<y-a, 9<3z, 20< dw. 


Adding up the last relations yields 


(x — 1)? + (y— 2)? + (2-3)? + (w—4)? <0; 
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hence 2 = 1, y=2,2=3,w=4. 


All solutions to the given equation are (1, 2,3,4) and their permu- 
tations. 
Second Solution. Note that the Cauchy—Schwarz inequality (noting 


that x,y,z, and w distinct precludes equality) gives 
(nt+yt2t+w) < 42? +7? +274 uw’) = 12(e+y+724+); 


hence x +y+2+w < 11. This leaves only two possibilities if we 
assume without loss of generality, that 7 < y < z < w, namely 
(1,2,3,4), which works, and (1,2,3,5) which fails. 


11. Find all positive integers x,y, z,t such that 


Bey = 2", 
ety? =, 
for some integer n > 2. 
Solution. There are no solutions. From the first equation we get 


r= 2” —y < 2", thus x < z or +1 < z. The same equation gives 


ya stata (esr —ar= (Tents (er? ge oe, 


ie., y > x. Similarly, using the second equation one gets y < 7, 
contradiction. 
12. Find all pairs (x,y) of positive integers such that x¥ = y”. 
First Solution. Obviously, all the pairs (n,n), n > 1, are solutions. 
We explore whether there are any others. Assume, without loss of 
generality, that x < y and let y = x +t for some integer t > 0. The 


equation becomes 


t x 
grr cay Sor = (142) eh 3% 
z 
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Thus x < 3. Since x is an integer, x = 1 or x = 2. 

Ifz=1, then y=1. 

If « = 2, we have 2¥ = y?, which has the solutions y = 2, y = 4. 
For y > 4 an induction argument shows that 2¥ > y?. Thus, the 
solutions are (n,n), n > 1, (2,4) and (4, 2). 

Second Solution. Since f(t) = mt is decreasing on [e, co), we have 
x) > y* ify > a> e. This forces x = y or one of x and y (without 
loss of generality x) to be 1 or 2, and we can follow the end of the 
previous solution. 

13. Solve in positive integers the equation x¥ +y=y* +2. 

First Solution. Obvious solutions: (n,n), (1,7), (n,1). Let x < y, 


y =x-+t for some integer t > 0. We have 


go gd (eee ae 


t aw 
4 5=(1+2) 06 
x x 


The situation x = 1 has already been taken care of. Let then x = 2. 


se call 2 tt 
. 9 4’ 


which admits t = 0 and t = 1 as solutions. For t > 2 an induction 


or 


thus x < 3. 


The equation becomes 


argument shows that 


3t ot? 
Be qe, 
et Gone 


Now, for t = 0 we get « = y = 2, and for t = 1 we have x = 2, y = 3. 
The solutions are (n,n), (1,7), (n,1), (2,3), (3,2), n > 1. 
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Second Solution. The function f(t) = it is decreasing on |e, co); 


hence c¥ + y > y* + 2 if cry > e. We get x = y or, without loss of 


generality, c = 1, x = 2, x = 8, and we continue as in the previous 


solution. 
14. Let a and b be positive integers such that ab+1 divides a? +b?. 


Show that ate is the square of an integer. 


(29th IMO) 


Solution. Let (a,b) be a pair of integers satisfying the hypothesis. 


Then (a,b) is a solution of the Diophantine equation 
a’ —kab+b? =k. (1) 


If a = 0 or b = O, then k is a perfect square. Hence we may consider 
a #0 and b #0. In this case a and b have the same sign. Indeed, if 
ab < 0, we obtain 


a® — kab+ 67 > k. (2) 


We may assume that a > 0, b > 0 and therefore k > 0. If a = 8, 
from (2 — k)a? = k > 0 we deduce k = 1. Finally, we suppose that 
a > b > 0 and let (a,b) be a solution of (1) with b minimal. It is 
easy to see that (b, kb — a) is also a solution of (1). If kb =a, kisa 
perfect square. Otherwise, kb — a > 0, because it has the same sign 


as 6. We claim that kb — a < b. Indeed, 


b a2 + b? 
a ee eee aay 


ee: 
OS gy BE aan 


The last inequality follows from 


Ge Sb? i kL 
ab+1 ab+1 abti«é ; 
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Therefore (b, kb—a) is a solution, which contradicts the minimality 
of the solution (a,b). Hence k is a perfect square. 


15. Find all integers n for which the equation 
(atyt2)? =nayz 
is solvable in positive integers. 


(American Mathematical Monthly, reformulation) 


Solution. We will prove that n is one the numbers 1, 2, 3, 4, 5, 6, 
8, and 9. 
Let 
F(a,y,z) = (a@t+y+2)?/(ayz). 


Fix n and suppose n = F(z, y,z), with « < y < z and z minimal 


for that choice of n. From 
neyz = (a@ty+2) =(e@+y)? +2(ety)z+2’, 


we infer that z| (x+y). If z>a2+y, then (x + y)?/z < z and 


(x+y)? 


2 
ae (x+y)? a ae (c+y+z) _(atyt2? _) 
we (x+y)?  wyz 
LY 


z 


Thus the minimality of z implies that «+ y > z. Now 


x Yy z Ds sb od 
Sh ob eh SS So 
Ye “Le cy L Y zB 
1 1 1 1 Qe 2 | 2 
SoS eS Re Se ee 
z y y 
(are: 
Me 


ess 
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This implies that z = 1 (and n = 9) or that z > 2 (and n < 8). Thus 
n<9. 

We next prove that n 4 7. The inequality 7 < 7/x+3/z prohibits 
a> 2. With«=1,2%+y>z yields y < z<y+1. When z= y we 
have (1+2y)? = 7y?, and when z = y+1 we have (2+2y)? = 7y(y+1), 
neither of which has an integer solution. 

Finally, F(9,9,9) = 1, F(4,4,8) = 2, F(3,3,3) = 3, F(2,2,4) =4, 
F(1,4,5) =5, F(1,2,3) =6, F(1,1,2) =8, and F(1,1,1) =9. 


1.3 The Parametric Method 
1. Prove that the equation 
a? = y+ 25 


has infinitely many solutions in positive integers. 


Solution. A family of solutions is given by 
tea nw? n+18, gman'tl)?;, man*(nt1)?, ne Ze. 
2. Show that the equation 
x? + y? Soy 
has infinitely many relatively prime integral solutions. 
(United Kingdom Mathematical Olympiad) 


Solution. We will use Lagrange’s identity (see Remark 1 in Exam- 
ple 2) and the following two well-known results: 


(1) There are infinitely many primes of the form 4k 4 1. 
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(2) Each prime of the form 4k+1 is representable as the sum of two 
perfect squares (see the remark in the solution of Problem 12, Section 
1.5, for a nice proof). Take any prime p of the form 4k +1. By (2), it 
can be represented as the sum of two perfect squares. The same holds 
for p*+1, and Lagrange’s identity shows that p°+p = p(p*+1) is also 


representable as a sum of two perfect squares. Let p? + p= u? + v?. 


Then x = u, y =v, z = pis a solution of the given equation. Since 
pis a prime, x,y, and z are relatively prime. Now it suffices to note 
that (see (1)) the primes of the form 4k + 1 are infinite in number. 


Remarks. 1. The same argument holds for the equation 


where n is a positive integer. 
2. We can directly take x = a(a? + b?)? — b, y = b(a? +b’)? +a, 
and z = a? + b? for relatively prime a and b. 


3. Prove that for each integer n > 2 the equation 
gt 4 y” = ntl 


has infinitely many solutions in positive integers. 


Solution. A family of solutions is given by 
te=k™ +1, yre=k(k° +1), ze =k "+1, KEZ. 
4. Prove that the equation 
ep ype pu =e) n> 2, 


has infinitely many solutions (x,y, z, u,v) in positive integers. 


(Dorin Andrica) 
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Solution. Let (x1, Yk15 Zk, ) aNd (Ley5 Ykos Zky) be two solutions to 


the equation in Example 4. Then 


n n _ ~n-1 n n —_ ~n-1 
Li + Uk, = 2, 9 Uko + ko = Zhq 9 


and by multiplying the last two relations we obtain 


(Zi Pey)” of (Tei Veo)” a (Ver@ien) + (YkiVko)” = (Zk re ae 


Hence a family of solutions is given by 


(i es XLky Vkos Vk Uke s Yky Vkos Hk Zhi): 


where ky, ko € Zy. 
Remark. One can simply take 
r= a(a” 4 pr 4+¢ Re aye *. y= b(a” a pb” 4 co Bi ee ad 
g=ca" +P P+ ae) ?, wade +404 d)"", 
and 
v= (GPO er arr 


for arbitrary integers a, b,c, d. 
5. Let a,b,c,d be positive integers with gcd(a,b) = 1. Prove that 


the system of equations 


ax — yz—-c=0, 


ba — yt +d=0, 


has infinitely many solutions in positive integers. 


(Titu Andreescu) 
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Solution. Using the lemma and the remark in Example 5, there 
exist infinitely many pairs (un, Un), n > 1, of positive integers such 


that aur, — buy, = 1. Then 
Ln =CUntdin, Yn=ad+be, zn =VUn, th=Un, NEA, 


are solutions of the system. 
Remark. One can simply take y= 1, z =ax—c, andt=br+d 
for « large enough that this gives a positive z. 


6. Find all triples of integers (x,y,z) such that 
vy(z +1) = (e+ 1)(y+1)z. 


Solution. Writing the equation in the equivalent form 


i. etytt yl 
xy z 

shows that mC | must be an integer. Let r+ y+1 = u. It follows 

that aura) € Z, or equivalently, watt) =v € Z. All solutions are 

given by 


L=w, y=u-w-l, z=w-y, 


where u,v, w € Zand v is any divisor of w(w+1) and u = w(w+1)/v. 


7. Solve in integers the equation 
x + xy =" + Xz. 
First Solution. The equation is equivalent to 
y? =a(a+y—2z). 


It follows that 


ct=mp, rty-z=m¢, y=mpq. 
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The solutions are 
x=mp, y=mpg, z=m(p’+pq-q), mp,qeZ. 
Second Solution. Write the equation in the form 
a(z—z)=y(y— 2). 


Let d = gced(z,y). Then x = da, y = d§, where gcd(a, 3) = 1. It 
follows that y — «2 = ka and x — z = kf. Since ged(a,@ — a) = 1, 
ka = y—2« = dG —da = d(B— a) implies G — a | k. Setting 


k = m(G — a), we obtain d = ma; hence 


t=ma*, y=maB, z=m(a*+a8— 67), ma,B €Z. 


8. Prove that the equation 
a + y> + 23 + w? = 2008 
has infinitely many solutions in integers. 
(Titu Andreescu) 
Solution. For each integer n, the quadruple 
(10 + 60n?, 10 — 60n?, 2, —60n7) 


is a solution to the given equation. 


9. Prove that there are infinitely many quadruples of positive in- 


tegers (x,y, z,w) such that 
a +y* +24 = 2002”. 


(Titu Andreescu) 


218 Part IL. Solutions to Exercises and Problems 


Solution. Note that 2002 = 34 + 54 +64. A family of solutions is 


given by 
rk =3-2002*, y,=5-2002", z, =6- 2002", 
we=4k+1, kKEZL. 
10. Prove that each of the following equations has infinitely many 
solutions in integers (x,y, 2z,u) such that gcd(z,y,z,u) =1: 


gy? + 27 = 2, 


gt yt et = Di? 


Solution. A family of solutions to the first equation is given by 
(3m? + 2mn — n?,3m? — 2mn — n?,4mn, 3m? + n’), m,n € Z4, 
gcd(m,n) = 1. 

A family of solutions to the second equation is 
(m+n,m—n,2m,3m?+n7), m,né€Z,, ged(m,n) =1. 
Remark. Note that the equation 
zt + y* + 24 = 2u4 


has also infinitely many solutions with gcd(z, y, z,u) = 1. A family 


of such solutions is given by 


x = a? + 2ac — 2bc — b?, 
y= b = 2ab = Dae=e", 
z= + 2ab+ 2be — a?, 
u=a?+b? +c? —ab+ac+ be, 
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where a,b,c € Z, gced(a, b,c) = 1. 

11. Prove that there are infinitely many quadruples of positive 
integers (x,y,u,v) such that ey+1, cut1, cv+1, yut+l1, yo+1, 
uv +1 are all perfect squares. 


Solution. A family of solutions is 


(n,n +2,4n+4,4(n + 1)(2n+ 1)(2n+3)), neZyq. 


1.4 The Modular Arithmetic Method 
1. Show that the equation 
(w+ 1)? + (w+ 2)? +--+ (e499)? =y* 
is not solvable in integers x,y,z, with z > 1. 
(Hungarian Mathematical Olympiad) 


Solution. We notice that 


y= (e@+1)? + (a@+2)? +--+ + (a + 99) 


= 99x" +2(1+2+---+99)x + (1? +2? +--- +997) 
2-99-100 99: 100-199 
——— 2 —— 
5 6 
= 33(3x? + 3002 + 50 - 199), 


= 9927 + 


which implies that 3 | y. Since z > 2, 3? | y?, but 3? does not divide 
33(32? + 3002 + 50-199), a contradiction. 


2. Find all pairs of positive integers (x,y) for which 
x? — y! = 2001. 


(Titu Andreescu) 
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Solution. For y greater than 5, y! is divisible by 9, so y! + 2001 
gives the residue 3 (mod 9), which is not a quadratic residue. Hence 
the only candidates are y = 1,2,3,4,5. Only y = 4 passes, giving 
x = 45. 


3. Prove that the equation 
ety! =7 


has no solution in integers. 
Solution. For any integers x,y we have x? = 0,1,5,8,12 (mod 13) 
and y* = 0,1,3,9 (mod 13). Thus x? + y4 47 (mod 13). 


4. Find all pairs of positive integers (x,y) satisfying the equation 
37 2" = 7. 


Solution. Let us assume first that y > 3. Reducing modulo 8, we 
deduce that 3” must give the residue 7. However, 3” can be congruent 
only to 3 or 1 (mod 8), depending on the parity of x. We are left 
with the cases y = 1 and y = 2, which are immediate. The only 
solution is 7 = 2, y= 1. 

5. Determine all nonnegative integral solutions (x1, %2,...,X14), if 


any, apart from permutations, to the Diophantine equation 
at + ag +++: +214 = 15999. 
(8th USA Mathematical Olympiad) 
Solution. We show that the congruence 


ti +ag+---+at, = 15999 (mod 16) 
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has no solution, which will mean that the given equation is also not 
solvable. Indeed, if an integer n is even, then n = 2k for k € Z, and 


thus n4 = 16k* = 0 (mod 16). If n is odd, then 
n4—1=(n—1)\(n+1)(n?+1)=0 (mod 16), 


since the numbers n — 1,n+ 1, and n? +1 are even and one of the 
integers n —1,n+1 must even be divisible by 4. This means that n4 
is congruent to 0 modulo 16 for even n, and congruent to 1 modulo 
16 for odd n. Therefore, if exactly r of the numbers 71, 79,...,214 


are odd, then 
aitagt-:-+2i,=r (mod 16). 


Now 15999 = 16000 — 1 = 15 (mod 16), and since 0 < r < 14, the 
congruence 
Bitaet-+++ai,=15 (mod 16) 
cannot have a solution, and thus neither can the given equation be 
solvable. 


6. Find all pairs of integers (x,y) such that 


a? — dey + y? = 1. 


(G.M. Bucharest) 


First Solution. Multiply both sides of the equation by 27 and then 
add 64 to each of them to obtain 


27x + Q7y? + 43 — 4. 27 xy = 37. (1) 
Using the algebraic identity 


a? +b° +c? — 3abe = (a + b+ c)(a” + 6? +e — ab — be — ca), 
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equation (1) is equivalent to 
(3x + 3y + 4)(9x? + 9y? + 16 — 9ay — 122 —12y) = 37. (2) 


Since 37 is a prime and the second factor of the product in the 


left-hand side equals 


(32 3y)? + (3a — 4)? + (3y — 4)?] > 0, 


Nol re 


it follows that 32 + 3y + 4 > 0; hence from (2), 37 + 3y+4 = 1 
or 3a + 3y + 4 = 37. The latter is not possible since it would imply 
at+y = 11 and (32—3y)?+(3x2—4)?+(3y—4)? = 2, which cannot hold 
simultaneously (xz and y have different parities; hence |3x — 3y| > 3). 


Thus 32 + 3y +4 = 1 and 92? + 9y? + 16 — 9xy — 12% — 12y = 37. 


We obtain the solutions (—1,0) and (0,—1). 
Remark. Compare this solution to that of Problem 4, Section 1.1. 
Second Solution. Let x+y = s and ry = p. The equation becomes 


s° — 3sp — 4p + 1 = 0, which is equivalent to 


st+1 


P= Sea A 


Since p € Z, it follows that 27p € Z, i.e., 


278° + 27 


€ Z. 
3s +4 


This implies 
37 


Ge? 1905 1G. 
: ie 3844 


€ Z, 


so 3s + 4|37. Hence 3s + 4 € {—1, 1,37, —37}, thus s € {—1, 11}. 
= a= TIS ET 
If s=11, then p= + ¢Z. 
If s = —1, then p = 0 and we obtain the solutions (—1,0), (0,—1). 
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7. Find all triples (x,y,z) of nonnegative integers such that 
5°74 +4 = 3%. 
(Bulgarian Mathematical Olympiad) 


Solution. Either x or y is nonzero, and looking at the equality 
modulo 4 or modulo 7, we conclude that z must be even (in the first 
case it must be of the form 4k + 2, in the second of the form 6k +4). 
Set z = 2z, and rewrite the equation as 5°7¥ = (37! — 2)(3*! + 2). 
The two factors are divisible only by powers of 5 and 7, and since 
their difference is 4, they must be relatively prime. Hence either 
371 + 2 =5* and 3*1 —2 = 7 or 371 +2 = 7¥ and 37! —2 =5". 

In the first case, assuming y > 1, by subtracting the two equalities 
we get 5” — 7¥ = 4. Looking at residues mod 7, we conclude that 
x is of the form 6k + 2; hence even. But then, with « = 2x1, we 
have 7% = (57! — 2)(5*! + 2). This is impossible, since the difference 
between the two factors is 4, and so they cannot both be powers of 
7. It follows that y = 0, and consequently « = 1, 7 = 2. 

In the second case, again by subtracting the equalities we find that 
7% — 5® = 4. Looking modulo 5, we conclude that y must be even, 
and the same argument as above works mutatis mutandis to show 
that there are no solutions in this case. 


8. Prove that the equation 


Any —x2—y= 2? 


has no solution in positive integers. 


(Euler) 
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Solution. The equation is equivalent to 
(42 — 1)(4y — 1) = 427 41. 


Let p be a prime divisor of 4x — 1. Then 422 = —1 (mod p) 
ie., (2z)? = —1 (mod p). From Fermat’s little theorem, we obtain 
(2z)P-! =1 (mod p). 


Hence 


1 = (22)?-1 = ((22)*)"F =(-1)*3 (mod p), 
and therefore p = 1 (mod 4). 
Thus any prime divisors of 42 —1 must be congruent to 1 (mod 4); 
hence 4% — 1 = 1 (mod 4), a contradiction. 


9. Prove that the system of equations 


a? + 6y2 = 22, 
62? +y? = 27, 
has no nontrivial integer solutions. 

Solution. Suppose that the system has a nontrivial solution. Then, 
dividing by the common divisor of x, y, z,t, we can assume that these 
four numbers have no common factor. We add the two equations to 
get 7(a? + y?) = z2+#?. The quadratic residues modulo 7 are 0, 1, 
2, 4. An easy check shows that the only way two residues can add 
up to 0 is if they are both equal to 0. Hence z = 7z9 and t = 7tg 
for some integers z9 and to. But then x? + y? = 7(z? + t2), which, 
by the same argument, implies that x and y are also divisible by 7. 
Thus each of x,y,z, and t is divisible by 7, a contradiction. Hence 


the system has no nontrivial solutions. 
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10. Find all pairs (a,b) of positive integers that satisfy the equation 


2 
a” = b*. 


(37th IMO) 


First Solution. We show that the only solutions are (1,1), (16, 2), 
and (27,3). 

Let (a,b) be a solution to the equation, and let d be the greatest 
common divisor of a and b. We can then write a = du and b = 
dv, where u and v are relatively prime positive integers. The given 


equation is then equivalent to 
(du)*" = (dv). (1) 


We compare the exponents in (1) by examining three cases. 

Case 1. If dv? = u, then (1) implies that u = v. Because u and v 
are relatively prime, we have u = v = 1. Since dv? = u, we find that 
d = 1. Hence (a,b) = (1,1), which is a solution. 


Case 2. If dv? > u, rewrite (1) in the form 
a? de? = yt (2) 


Be eee : : 
to see that u®” divides v“. Because u and v are relatively prime, we 


must have u = 1. Equation (2) then becomes 
dt! = y, (3) 


If d = 1, then from (3) we get v = 1, and the inequality dv? > u 
fails to hold. If d > 2, then 


qv? -1 = 92v?-1 >2-lsy forv=1,2,3,.... 
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This contradicts (3), so there are no solutions in this case. 


Case 3. If dv? <u, then d < u. Rewrite (1) as 
ye? = (ud? yu (4) 


and note that v" divides u@”. Because u and v are relatively prime, 


it follows that v = 1, so (4) becomes 
ut = d'4, (5) 


As noted earlier, d < u, so the exponents in (5) must satisfy d < 
u —d. Also, by (5), any prime divisor p of d is also a prime divisor 
of u. Let a and ( be the largest integers such that p® | u and p?® | d. 
Then from (5), we have ad = 3(u —d), and hence a > @. It follows 
that d | u, so we have u = kd for some positive integer k, and in 


addition, k > 3 because u > 2d. Substituting u = kd into (5), we get 
k= ad. (6) 


If k = 3, then d = 3 and u = kd = 9. This yields the solution 
a= 27,b=3. 
Ifk = 4, then d= 2, u=8, a= 16, and b= 2. 


If k > 5, then d*-? > 2k-? > k, so (6) is impossible for such k. 


Second Solution. First note that if b = 1, then a = 1 and vice versa. 
Hence we may suppose a,b > 1. Let r= 5 € Qt. Then a = 6” and 
r = b’-*, Write r = p/q for relatively prime positive integers p and 
q. Then 


Marta, 


qt 
If p > 2q, then the right-hand side is an integer and hence q = 1, 


ie., r € Z. In this case we get b = r!/("-2), If r > 5, then this gives 


1.4 The Modular Arithmetic Method 227 


1 <b < 2, a contradiction. Hence r = 3 and (a,b) = (27,3) or r =4 
and (a,b) = (16, 2). 

If p < 2q, then the right-hand side is the reciprocal of an integer 
and p = 1. Hence b = a! and a? = ga or a = q?/@4-»), But this 
gives 1 <a < 2 for all q > 2. Thus we get no solutions in this case. 


11. Find all primes qi, q2,...,q@6 such that 
gi =a +--- +46. 
(Titu Andreescu) 


Solution. Each square is congruent to 0 or 1 modulo 3 and clearly 
qi # 3. Suppose that among qo,...,qge there are 0 < a < 5 primes 
not equal to 3. Then a= 1 (mod 3), soa=1ora=4. 

If a=1, then g? = @ +. 4-37, so (q1 + G2)(q1 — @) = 36. Because 
ga+42 > 9-92, 91+ can be only 9,12,18, or 36, and we see that 
there are no solutions. 

If a = 4, then q? = @ + a + qt ge + 9. Because q; are primes, 
their quadratic residues modulo 8 are either 1 (if g; is odd) or 4 (if 
qi = 2). Clearly q, # 2, and suppose that among qo,...,qg5 there 
are 0 < b < 4 primes not equal to 2. Then b+ 4(4—6)+9=1 
(mod 8), yielding 3b = 0 (mod 8). Hence 6 = 0, and the solutions 
(41, 92; 93; 94; 95,96) are (5,2,2,2,2,3) and its permutations with 5 
fixed. 


12. Prove that there are unique positive integers a and n such that 
et = (ae i)” = 2001. 


(Putnam Mathematical Competition) 
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First Solution. Suppose a”*! —(a+1)" = 2001. Notice that a?t!+ 
[((a +1)” — 1] is a multiple of a. Thus a divides 2002 = 2-7- 11-13. 

Since 2001 is divisible by 3, we must have a = 1 (mod 3); other- 
wise, one of a”! and (a+1)” is a multiple of 3 and the other is not, 
so their difference cannot be divisible by 3. Now a”*! = 1 (mod 3), 
so we must have (a + 1)” = 1 (mod 3), which forces n to be even, 
and in particular at least 2. 


If a is even, then 
n+1 i n 
a"** —(a+1)” =—(a+1)” (mod 4). 


Since n is even, 


—(a+1)"=-1 (mod 4). 


Since 2001 = 1 (mod 4), this is impossible. Thus a is odd, and so 
must divide 1001 = 7-11-18. Moreover, 


a™*1 _ (a4+1)"=a (mod 4), soa=1 (mod 4). 


Of the divisors of 7-11-13, those congruent to 1 mod 3 are precisely 
those not divisible by 11 (since 7 and 13 are both congruent to 1 mod 
3). Thus a divides 7-13. Now a = 1 (mod 4) is possible only if a 
divides 13. 

We cannot have a = 1, since 1 — 2” ¥ 2001 for any n. Thus the 
only possibility is a = 13. One easily checks that a = 18, n= 2 isa 
solution. All that remains is to check that no other n works. In fact, 
ifn > 2, then 

13"t' = 2001 =1 (mod 8). 


But 13°*! = 13 (mod 8), since n is even, contradiction. Thus 


a = 13, n = 2 is the unique solution. 
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Second Solution. We begin as in the previous solution and get that 
a divides 2002 = 2-7-11-13. It follows a = 1 (mod 3). Now a”*+ =1 
(mod 3), so we must have (a + 1)” = 1 (mod 3), which forces n to 
be even, and in particular at least 2. 

Notice that a”*+1—(a+1)" is a multiple of a+1 (since n+1 is 
odd). Thus a+ 1 divides 2002. The only pairs of consecutive divisors 
of 2002 are (1,2) and (13,14). Hence a = 1 or a= 13. 

We cannot have a = 1, since a — 2” # 2001 for every n. Thus the 
only possibility is a = 13. 


1.5 The Method of Mathematical Induction 


1. Prove that for all integers n > 2 there exist odd integers x,y 
such that |x? — 17y?| = 4”. 

(Titu Andreescu) 

Solution. For n = 2 we have x2 = yo = 1. Suppose that for an 


integer n > 2, there exist odd integers ap, yn such that |v? —17y2| = 


4”, We will construct a pair of odd integers (%n41, Yn41) such that 


Ea = 17yn 4 =4ntt, 
Actually, 
Lyn £17yn 2 In = Un : 2 2 
> ae =I. 9 = A(z, .. Tiga) (1) 
and precisely one of the numbers 
In + Yn In — Yn 
ae and 


is odd (since their sum is odd). If, for example, “4% is odd, then 
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is also odd; hence in this case we can choose 


Ln +17yn In + Yn 


Intl = 5 oy Yn+1 = D ) 


and from (1) we have 


aaa = 17y5 41 = Ala; ee 17y;,| =4.4" = 4rt. 
If => is odd, we will choose 


Ln —17Yn 


In41 = 5) > Un4ti= 


In — Un 


», nol. 
2 


2. Prove that for all positive integers n, the following equation is 
solvable in integers: 


ge +aoyty? =7". 


(Dorin Andrica) 


Solution. If n = 1, we have the solution x1 = 2, y; = 1. Suppose 


that there exist positive integers 2p, Yn satisfying 
t+ fnYn + ye = 7" 
and define @n41 = 2% — Yn, Ynti = Ln + 3yYn. Hence 
2 Pe te = ee ee KOC ST. 
3. Prove that for each positive integer n, the equation 
(x? + y”)(u? + v? + w) = 2009” 


is solvable in integers. 


(Titu Andreescu) 
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Solution. Because 2009 = 41-49, we seek solutions to the equations 
ety =41" and uw+vu24+w? = 49". 


The first equation is a special case of Example 2 in Section 1.3 
and so it is solvable in integers. For the second equation we find the 
solution: (229-4, 337" 16st), 

4. The integer th = KOH) is called the kth triangular number, 
k>1. 

Prove that for all positive integers n > 3 the equation 


1 1 1 
—+4+—4..-4—=]1 
Ty r2 In 


is solvable in triangular numbers. 


Solution. We easily check that 


Thus, it suffices to assume that n > 5. If n is odd, that is, n = 


2k —1, where k > 3, then we have 


le? = hee ee Oe eA Ee 
_9 1 1 4 1 1 ease 1 1 fy 2 1 
SN 3 4 k-1 k = 
and the left-hand side is the sum of reciprocals of (k —2)+(k+1) = 
2k —1=n triangular numbers. 


If n is even, that is, n = 2k, where k > 3, then we have, in case 


k = 8, et = 1, while in case k > 38, 
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and the left-hand side is a sum of reciprocals of (k — 1) + (k +1) = 
2k = n triangular numbers. 
Remark. One can give an inductive solution with step 3 using 


the identity 
2 2 


th tox  toesi 


5. Show that for all n > 6 the equation 


1 1 1 
=a Spe eo =] 


2 
vy vo Li, 
is solvable in integers. 


Solution. Note that 


from which it follows that if (71,x2,...,%) = (@1,@2,...,@n) is an 


integer solution to 


ey as Le 
then 
(21,22, se65Un—-1,Un,En4+1,Un4+2; In+3) 
= (Qi; Os xe x SUH 1420s 20 ys 2On sen ) 


is an integer solution to 


eter ee eee 
rt «5 Trg 


Therefore we can construct the solutions inductively if there are 


solutions for n = 6,7, and 8. 
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If n = 6, we have the solution (2,2,2,3,3,6), if n = 7, a so- 
lution is (2,2,2,4,4,4,4), and if n = 8, we have the solution 
(3:9.9 Sea 4.4919), 


6. Prove that for alls > 2 there exist positive integers x0, 21,..., 2s 
such that 
a nae ica eee Bee 
ae aaa 


and % < 21 <-+++ < Qs. 
Solution. If s = 2, then xp = 12, x, = 15, x2 = 20 is a solution, 
since it is easy to verify that 


1 1 1 


12? 157 * 307" 
We now assume that the assertion holds for some s > 2, i.e., there 


exist positive integers 79 < 41 <-+-- < x, such that 


We set yo = 1220, yy = 15x9, and y; = 202;_; for i = 2,3,...,s841. 


It is easy to see that yo < yt <--+- < Ys41. Furthermore, we have 


1 1 1 1 1 1 
ga wa lista) 

1 1 1 1 1 
~ 18 ata (at +z) 
sls, of 1 1 

BB TR Ra 


This completes the proof by induction. 
7. Prove that for every positive integer m and for all sufficiently 


large s, the equation 


ape “ yn 
ap ay gm 
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has at least one solution in positive integers x1, X2,...,Us.- 


Solution. Let m be a given positive integer. For s = 2™, our equa- 


tion has a solution in positive integers 71 = %2 =-::= 2, = 2. 


Let now a be a given positive integer, and suppose that our equa- 


tion is solvable in positive integers for the positive integer s. Thus, 


there exist positive integers t1,to,...,t, such that 
zeae ihe Gear Sh 
Ce ae tes 
and since 1/2" =a /(dt.)™, for ay, = ty. o-— "ts, 2p et — Bg 15 
Ls = Us41 = +++ = Lstam_1 = ats, we have 
se en ee es | 
zy" x5" vetam—1 ac 


Thus, if our equation is solvable in positive integers for a positive 
integer s, then it is also solvable in positive integers for s + a™ — 1, 
and, more generally, for s+(a™—1)k, where k is an arbitrary positive 
integer. Taking a = 2 and a = 2” — 1, we see that (for s = 2") our 
equation has a solution in positive integers for every integer of the 


form 2™ + (2™ —1)k + [(2” — 1)™ — 1]1, where & and J are arbitrary 


positive integers. 

In what follows we will prove and use the following result: 

Lemma. If a and b are two relatively prime positive integers, then 
all integers n > ab+1 can be written in the form n = ax + by, for 
some positive integers x and y. 

Proof. Applying the result of the lemma in the solution to Example 
5 in Section 1.3, it follows that there exist positive integers u,v such 


that au — bv = 1. For n > ab we have anu — bnv = n > ab, and 
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consequently, 


Therefore there exists an integer ¢ such that 7? < t < 7. Let 


x= nu -— bt, y= at — nv. We have x > 0 and y > 0 and also 


ax + by = a(nu — bt) + b(at — nv) =n. 


Clearly, the numbers 2™ —1 and (2”—1)'™—1 are relatively prime. 
By the lemma above it follows that every integer > (2”" — 1)[(2™ — 
1)™—1]+1 can be written in the form (2” — 1)k+ [(2” —1)™ — 1], 
where k and / are positive integers. Thus the equation is solvable for 
all integers s > 2™ + (2 — 1)[(2™ —1)™ —1) +1. 

Remark. The lower bound for s we have found above is not the 


best possible. For example, if m = 3, this bound is 
OF 4008 = 1) + [= 1)? S41] 41 S403; 


far larger than 412 obtained in Example 4. 


8. Prove that for any nonnegative integer k the equation 
ety — 2 =k 
is solvable in positive integers x,y,z witha <y< z. 
(Titu Andreescu) 
Solution. If k is even, say k = 2n, consider the identity 


Qn = (3n)? + (4n — 1)? — (5n — 1)’. 


Since 3n < 4n —1< 5n—1 for n> 1 and 


0=37447~-57, 2=574117-12?, 
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we are done with this case. 


If & is odd, say k = 2n + 3, we use the identity 
2n +3 = (8n + 2)? + (4n)? — (5n 4+ 1)”, 
where for n > 2, we have 3n +2 < 4n < 5n+ 1. Since 
LSaaePoR Sa4 46] 77, 
5=4745%-67, 7=67+4 14? — 157, 


we have exhausted the case k odd as well. 


9. Prove that the equation 
a? +(¢+1)?=y" 


has infinitely many solutions in positive integers x, y. 


Solution. Note that x, = 3, y; = 5 is a solution. Define the se- 
quences (2n)n>1, (Yn)n>1 by 
En41 = 3%yn + 2yn 4+ 1, 
Ynt1 = 4%n + 3Yn + 2, 


where 2; = 3 and y; = 5. 


Suppose that (2, Yn) is a solution to the equation. Then 


wy t (tng. +1)? = (8¢n + 2yn +1)? + (32m + 2yn + 2)? 


= (Age isge 0), 


since x2 + (vy, +1)? = y?. Therefore #2.) + (@n41 +1)? = yay, Le, 


(@n+41; Yn+1) is also a solution. 
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10. Solve in distinct positive integers the equation 
at + o8 +++ + xooo9 = 1335(a1 + wo +++» + £2902). 
(Titu Andreescu) 


Solution. We will prove that the only solution up to permutation 


to the equation in distinct positive integers 


2m+ 1 
ate +a, = 3 (#1 +++ + tm) 
is 4) =1,...,%m =m. 


For this purpose we need the following result. 
Lemma. If a1,a2,... is a sequence of distinct positive integers, 


then for alln > 1 the following inequality holds: 


(Romanian Mathematical Olympiad) 


Proof. Without loss of generality, we may assume that 0 < a, < 
ag eee, 
Let us proceed by induction. For n = 1, ay > 1 implies 


2-141 
—_a 


2 
ay; > 
hie = 


1: 
It suffices to prove that 


2n 
> S(ai t+: +@n) + 


An+1; 


wire 


2 
An+1 


or 


30241 — (2n+ 3)an4i > 2(a1 + +++ + Gn). 
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Since 
2(a4 a ei +n) < 2(1 +24--- + an) = An(an ar 1) = (Qn41 i 1)an4i, 
it is enough to show that 


3a241 — (2n + 3)ang1 > (Qn41 — Dandi. 


The last inequality is equivalent to an4, > +1, which is evident. 


Without loss of generality, suppose that 0 < 41 < 49g < +++ <am. 
Then 


m2 1, , lm 2m 
We have 
2 2n+1 
tts + 2m = —G (a1 +--+ 2m), 
and by the lemma, 
2m — 1 


It follows that 


2 2m+1 
a? < =(21 ++++ + a¢m_i1) + a 
3 3 
Since 2m—1 < Lm — 1, Lm—2 < Um — 2,...,L1 < Lm — (mM—1), we 
also have 
m—1)m 
git erm Crh eee a 
Then 
2(m —1 m—-1)m WWm+1 
Ae, see 
or 
4m — 1 —1 
i m om + AAAI <9 


That is, (%m—m) (tm — “=+) <0, and since rm > “>, it follows 


that ty, < mM, 1e., 2m =m and 71 = 1, rg = 2,..., m_1 =M-—1. 
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1.6 Fermat’s Method of Infinite Descent (FMID) 


1. Find all triples (x,y,z) of positive integer solutions to the equa- 
tion 


a? + 3y? + 92° — 32yz = 0. 
(Kiirschak Mathematical Competition) 


Solution. Note that (0,0,0) is a solution. Suppose that (#1, y1, 21) 
is another solution. If one of the components 21, y1, 21 equals zero, 
then from the irrationality of W/3 or W/9 it follows that the other two 
equal zero as well. Hence we may assume that 21, y1, 21 > 0. 

A similar argument to that in Example 1 shows that x7; = 3x, 
Y1 = 3y2, 21 = 322, where (2X2, y2, z2) is also a solution. We obtain 
in this way a sequence of positive integral solutions (4p, Yn, 2n)n>1 
with 7] > 22 > 73 >---, in contradiction to FMID Variant 1. Thus 
the only solution is (0,0, 0). 


2. Find all integers x,y,z satisfying 
a? +y? + 27 —Qeyz = 0. 
(Korean Mathematical Olympiad) 


Solution. The only solution to this equation is x = y = z = 0. 
First, note that x,y, and z cannot all be odd, since then 2? + 
y? + 2° — 2xyz would be odd and therefore nonzero. Therefore 
2 divides xyz. But then 2? + y? + 22 = 2ryz is divisible by 4; 
since all squares are congruent to 0 or 1 (mod 4), x,y, and z must 
all be even. Write « = 2271, y = 2y1, 2 = 22; then we have 


Ar? + 4y? + 422 = 16x1y121, or 2? + y? + 2? = 421y1%. Since the 
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right-hand side is divisible by 4, 71,41, z1 must again be even, so 
we can write 21 = 2%, yy = 2yo, 21 = 222; plugging this in and 
manipulating, we obtain x3 + y3 + 23 = 8x2y222. In general, ifn > 1, 
xe + y? + 22 = 2412, yen implies that rn, Yn,2%n are all even, so 
we can write fp = 2%n41, Yn = 2Yn41, Zn = 22n41, which sat- 
isfy 2) + ye yy Fy = 2? enti yn4i2n41; repeating this argu- 
ment gives us an infinite sequence of integers 71, %2,%3,... in which 
XL; = 2441, 1 > 1. Therefore |x1| > |xe| > |x3| > ---, which contra- 
dicts FMID Variant 1. 


3. Solve the following equation in integers x,y, 2,U: 
at + y* + 24 = 9ut. 


Solution. If uw = 0, then necessarily « = y = z = 0, which is a 
solution of the given equation. We will show that there are no other 
solutions. Let us assume that the integers x,y, z,u satisfy the given 
equation and that u 4 0; we set d = u*. If the number u were 
not divisible by 5, then Fermat’s little theorem would give ut = 1 


(mod 5), and we would have 


This, however, is impossible, since by Fermat’s little theorem the 
numbers «*,y*, z+ are congruent to 0 or 1 modulo 5. Thus, wu is 


divisible by 5, i.e., uw = 5u, for an appropriate u; € Z, and we get 
zi+y*+2z*=0 (mod 5), 


which implies that x,y,z are divisible by 5, ie., x = 521, y = 5y1, 


z = 5z, for appropriate 71,41,2, € Z. Substituting this into the 
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original equation and dividing by 54, we obtain 
i+ yy + 24 = Guy, 


and thus 74,11, 21, U1 satisfy the given equation, and 


eS 


Continuing this procedure, we obtain the sequence u 
Us >--++, in contradiction to FMID Variant 1. 


4. Solve the following equation in positive integers: 
x? — y" = Wryz. 


Solution. We assume that some positive integers x,y, z satisfy the 
given equation, and set d = xy. If we let d= 1, then x = y = 1 and 
the equation would give z = 0, which is impossible. Hence d > 1. 


Let p be some prime dividing d. Since 
(x+y)(e—y) =a? —y? =2xyz=0 (mod p), 


we have « = y (mod p) or x = —y (mod p). In view of the fact that 
the prime p divides the product xy, either x or y is congruent to 0 
modulo p, and together x = y = 0 (mod p). Hence x; = x/p and 


yi = y/p are positive integers, and 


(px1)” — (py1)? = 2(px1)(py1)z, 


from which, upon dividing by p*, we see that x1, y1,z satisfy the 


given equation, and that 


d 


T1Y1 = 


SIS 


x 
Pp 
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In this way we obtain a decreasing sequence of positive integers 
r1 > 22 > 23 >---, which is not possible. 
5. Determine all integral solutions to 
++ e¢=e't’. 
(5th USA Mathematical Olympiad) 


Solution. We show, by considering the equation modulo 4 for all 
possibilities of a,b,c being even or odd, that it is necessary that they 
all be even. We can also take them to be all nonnegative. First, note 


that for even and odd numbers, we have 
(2n)?=0 (mod 4) and (2n+1)?=1 (mod 4). 
Case 1. a,b,c all odd. Then 
a? +b? +c? =3 (mod 4), while a*b?=1 (mod 4). 
Case 2. Two odd and one even. Then 
a? +b?+c¢2=2 (mod 4), while a2b? =0or1 (mod 4). 
Case 3. Two even and one odd. Then 
a*+b?+c?=1 (mod 4), while a*b? =0 (mod 4). 


Since the only possible solution is for a,b,c even, let a = 2ay, 


b = 2b), and c = 2c;. This leads to the equation 


a? +b? +c? = 4azb?, where a, <a, b) <b, 1 <e. 


Now 4a?b? = 0 (mod 4), and each of a7, b7, c7 is congruent to 0 or 


1 (mod 4). Hence a? = bf = c} = 0 (mod 4) and aj, bi, c; are even, 
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say a1 = 2a9, b, = 2b9, cy = 2c. This leads to the equation 
16a2b2 = a2 + b2 + cB. 


Again, we can conclude that ag, b2, cz are all even, and the process 
leads to 


640262 = af + e+ ee, 


where a = 8a3, b = 8b3, c = 8c3. If we continue the process, we 
conclude that a,b, and c are divisible by as high a power of 2 as 
we want to specify, and hence the only solution of the equation is 
a=b=c=0. 

6. (a) Prove that if there exists a triple of positive integers (x, y, z) 
such that 

ee +y*+1= xyz, 

then z= 3. 

(b) Find all such triples. 

Solution. (a) Let (x,y,z) be a solution with z 4 3. Then zx F y, 
for otherwise x?(z—2) = 1, which is impossible, since z —2 4 1. We 


have 


O=a2ty*4+1—ayz = (e—yz)? t+y% 414 cyz—y*2? 


= (yz—2x)?>+y? +1—(yz—x)yz; 


hence (yz — x,y, Z) is also a solution, since x(yz — 2) = xyz — x? = 


y? +1 > 0 implies yz — x > 0. Note that if « > y, then x? > 
y? +1=2(yz—-2). Hence x > yz — 2, which shows that the newly 
obtained solution is smaller than the initial solution in the sense that 


uty >(yz—2)+y. However, under the assumption that x # y, this 
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procedure can be continued indefinitely, which is impossible, since in 
the process we construct an infinite decreasing sequence of positive 
integers, violating FMID Variant 1. This contradiction shows that 
there are no solutions if z 4 3. 


(b) Clearly, (1,1) is a solution to the equation 
ety? +1 = 32y. 


Let (a,b), a > 6, be another solution. Then b? + (3b — a)? +1 = 
3b(3b — a), so (b, 3b — a) is also a solution. From 


(a =b)(a= 26) =a? —S3eb+ 207 =? = 150 


it follows that a > 2b; hence 3b — a < b. So the new solution has a 
smaller b. Descending, we reach a solution with b = 1, hence with 
a? +2 = 3a, in which case a = 1 or a = 2. It follows that all solutions 


are obtained from (aj, b;) = (1,1) by the recurrence 
(Gne45 bn41) = (on; 3bn — Gn): 


Sequences (@n)n>1 and (bn)n>1 satisfy the same recursion: ¢p41 = 
30n — Ln—1, T1 = 1, 2 = 2, which characterizes the Fibonacci num- 
bers of odd index. Therefore, (dn, bn) = (Fan41, Fon-1), n > 1. 

The solutions are (1,1), (Fon41, Fon-1), (Fon-1, Fon4i), n > 1. 

Remarks. (1) Some variants of this problem have appeared in 
various mathematical competitions and training exercises. We will 
mention here the following: 

Find all pairs (m,n) of positive integers having the property that 


mn|(m—n)? +1. 


(USA Mathematical Olympiad Summer Program) 


1.6 Fermat’s Method of Infinite Descent (FMID) 245 
(2) The Diophantine equation 
a? + y? + 2% = Bayz 


is known as Markov’s equation. The structure of its solutions is 
quite complicated. Using the result in the problem, it follows that 
(Fon—1, F2n41,1), n > 1, and its permutations are solutions to this 
equation, as well as the obvious solution (1, 1,1). 
7. Solve in positive integers x,y,u,v the system 
e?+1=uy, 
yetl=vz. 


Solution. Clearly x and y are relatively prime. We have 
we +y+tl=a(e+v)=ylytu). (1) 


It follows that x | 2? + y2 +1 and y| a? +y?+4+1; hence there is a 


positive integer z such that 
ao +y+1=cyz. (2) 


From Problem 6, it follows that z = 3 and that x = Fo,_; and 
y = Fon41 in some order. On the other hand, from (1) and from 
x? +y? +1 = 32y we obtain 


r+vu=s3y, ytu=3z, 


hence u = 3a — y = 3Fon-1 — Font = Fon-3 and v = 3y-— 2 = 
3 Pons — Fon-1 = Fans. 


The solutions are 


(x, Y,U, v) =(Fan-1, Ponti, Fons, Fon+3), 


(690) SP os Poet p45 Pon 3) 
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where n > 1 and F_, = 1. 

Remark. Other variants of this problem have appeared in various 
mathematical competitions and training exercises. We will mention 
here the following: 

Prove that there are infinitely many pairs (a,b) of positive integers 


such that a |b? +1 and b| a? +1. 
(Tournament of Towns) 


8. Find all triples (x,y,z) of positive integers that are solutions to 


the system of equations 


2% —-2y+z=0, 
223 — dy? + 23 +32 =0. 


(Titu Andreescu) 


Solution. Substituting z from the first equation into the second 


yields 


Because x ¥ y, this reduces to 
—(a* + ay +y?) +4(x —y)? +3 =0, 


which is equivalent to x? + y? +1 = 3zy. 
Taking into account that x < y, from Problem 6 it follows that all 


pairs (2,4) = (@n, Yn) are (F2n-1, Fanti), n 2 1, and 
an = 2(Yn a Ca) = 2Fn. 


Hence all desired triples are (Fon—1, F2n+1,2Fon)n>1- 
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9. Prove that there are infinitely many triples (x,y,z) of positive 
integers such that 


a? + y" +27= LYzZ. 
(College Mathematics Journal) 


Solution. It suffices to consider z = 3. We obtain the equation 
x? +y?+9 = 3ay. Taking x = 3u and y = 3v, the equation becomes 
u? +v2+1 = 3uv. We have seen in Problem 6 that this equation has 
solutions (u,v) = (1,1), (Fon—1, Fongi), and (Fon41, Fon-1), n > 1. 


Hence an infinite family of solutions to our equation is given by 
(Lia) a (3Fon41,3Fon-1, 3), n>. 


10. Find all pairs of positive integers (a,b) such that ab+a+b 
divides a? + b? +1. 


(Mathematics Magazine) 


Solution. Either a = 6b = 1 or a and 0 are consecutive squares. 


The divisibility condition can be written as 
k(ab+a+b6) =a? +6? +1, (1) 
for some positive integer k. If k = 1, then (1) is equivalent to 
(a@=b) 4 (a= 1)? +621)? = 0, 
from which a = b = 1. If k = 2, then (1) can be written as 


4a = (b= a — 1), 


forcing a to be a square, say a = d?. Then b — d? — 1 = +2d, so 


b= (d+1)?, and a and b are consecutive squares. 
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Now assume that there is a solution with k > 3, and let (a,b) be 
the solution with a minimal and a < b. Write (1) as a quadratic 
in b: 


b? — k(a + 1)b+ (a? — ka +1) =0. 


Because one root, 0, is an integer, the other root, call it r, is also 
an integer. Since (1) must be true with r in place of b, we conclude 
that r > 0. Because a < b and the product of the roots, a? — ka+ 1, 
is less than a?, we must have r < a. But then (r,a) is also a solution 
to (1), contradicting the minimality of a. 

11. Let a be a positive integer. The sequence (%n)n>1 is defined by 
vy, = 1, 2 =a, and @nt2 = 4%n41+ 2, for all n > 1. Prove that 


(x,y) is a solution to the equation 
ja? + azy — y?|=1 
if and only if there exists an index k such that (x,y) = (Xp, Ue41)- 
(Romanian Mathematical Olympiad) 


Solution. Let f(x,y) = x2+ary—y”. We have f (x1, 22) = f(1,a) = 
1. Using mathematical induction, it follows that for any n > 1, 
(4n,%n41) is a solution to the equation. 

Consider (x,y) € Z*. x Z*, a solution to the equation. From x? + 


axy —y? = +1 it follows that y(y—ax) = x7 +1 > 0, with equality if 


and only if x = 1 and y = a. In this case, (x, y) = (21,2) and we are 


done. Now assume y > ax. The pair (a), y“)) = (y — aa, 2) is also 


a solution, since f(x,y) = +1 implies f(y — ax,x) = +1. Moreover, 


aty>a)+y and yY > ax. In this way we obtain a sequence 
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of solutions (2, y(),51 such that y™ — aa” > 0 and 


Applying FMID Variant 2, it follows that there exists a positive 
integer k such that x” + y() = 2 + y for all n > k. In this 
case, for the solution (a), y)) we have y™) = ax) and (a,y) = 
(Lk, Tk41)- 


12. Find all pairs of nonnegative integers (m,n) such that 
(m+n—5)? =9mn. 
(42nd IMO USA Team Selection Test) 


Solution. Note that the equation is symmetric in m and n. The 


solutions are the unordered pairs 


(5Fh,,5F3e10), (131, 13p41); 


where k is a nonnegative integer and {Fj}, {Lj} are the Fibonacci 
and Lucas sequences, respectively, that is, the sequences defined by 
F, = Fy = 1, Ly = 1, Lg = 3 and the recurrence relations Fj+2 = 
Fy4i+F; and Lj42 = Lj41+ L; for 7 = 1. Note that we amended 
the Lucas sequence by considering L_; = —1 and Lop = 2. Let g = 
gcd(m,n) and write m = gm, and n = gn,. Because 9mn is a perfect 
square, m, and nj, are perfect squares. Let m,; = x? and n, = y?. 


The given condition becomes 
(gu? + gy” — 5)? = 99° ay’. 


Taking the square root on both sides yields 


g(x? + y*) —5 = +39zy, 
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or 


g(a? + y? + 38ry) = 5. 


If g(x? + y? + 3ay) = 5, then x? + y? + 32y < 5, implying that 
x= y=g=1 and (m,n) = (1,1). Otherwise, g(x? + y? — 32y) =5 


and g = 1 or 5. Fix g equal to one of these values, so that 
2 2_9 
BF Skyy roe (1) 


We call an unordered pair (a, b) a g-pair if (x, y) = (a,b) (or equiv- 
alently, (x,y) = (b,a)) satisfies (1) and a and 6 are positive integers. 
Also, we call an unordered pair (p,q) smaller (respectively, larger) 
than another unordered pair (r,s) if p+ q is smaller (respectively 
larger) than r+ s. 

Suppose that (a,b) is a g-pair. View (1) as a monic quadratic in 
x with y = 6 constant. The coefficient of x in a monic quadratic 
equation (x —11)(x — rg) equals —(r1 +12), implying that (3b — a, b) 
should also satisfy (1). Indeed, 


SGI) a Gh 6) Se aaa S. 
g 
Also, if b > 2, note that 
a? — 3ab+ 0? = 2 <b": 
g 


It follows that a? — 3ab < 0, and so 3b— a > 0. Thus if (a,b) is a 
g-pair with b > 2, then, (b,3b — a) is a g-pair as well. Furthermore, 
if a > b, note that a 4 b, because otherwise —a? = g > 0, which is 


impossible. Thus, a > 6 and 


i) 
a = 30b +b? = — SF =a’, 
g 
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which implies that a(2a — 3b) > 0 and hence a+ b > 6+ (3b—a) and 
also 3b — a > b. Thus, (b, 3b — a) is a smaller g-pair than (a,b) with 
b> 3b-a. 

Given any g-pair (a,b) with b < a, if b < 2, then a must equal 
r(g), where r(5) = 3 and r(1) = 4. Otherwise, according to the 
above observation, we can repeatedly reduce it to a smaller g-pair 
until min(a,b) < 2, that is, to the g-pair (r(g),1). Beginning with 
(r(g),1), we reverse the reducing process so that (#,y) is replaced 
by the larger g-pair (3a — y,x). Moreover, this must generate all g- 
pairs, since all g-pairs, can be reduced to (r(g), 1). We may express 
these possible pairs in terms of the Fibonacci and Lucas numbers; 


for g = 1, observe that Lz = 1, L4 = 4=r(1), and that 


Dopp = Lop43 + Lopye = (Lorze + Lopsi) + Lor+e 


= (Lop42 + (Lor42 — Lop)) + Lorte = 3Lop+2 — Lo 


for k > 0. For g = 5, the Fibonacci numbers satisfy an analogous 
recurrence relation, and Fy = 1, Fy = 3 = r(5). Therefore, (m,n) = 
(L3,, 13,49) and (m,n) = (5F3,,5.F 3,45) for k > 0. 

13. Let x,y,z be positive integers such that xy — 2? = 1. Prove 


that there exist nonnegative integers a,b,c,d for which 
cr=4+0%, y= +d’, andz=ac+bd. 
(20th IMO Shortlist) 


Solution. Assume, by way of contradiction, that we have a triple 
of positive integers (xo, yo, 20) with xroyo — z@ = 1 such that there 


are no integers a,b,c,d satisfying x9 = a? + b?, yo = c+ d?, and 
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zo = ac+ bd. We may further assume that 2 < x9 < yo and that zo 
is minimal (if we had a = 1, then 2p = 0? + 17, yo = 17 + k?, and 
z =0-1+1-k). 

Starting with (xo, yo, 20) we construct another triple satisfying 
xy — 2? = 1 in the following way: taking z = x + u, we ob- 
tain xy — (x7 + 22ut+ u?) = 1, or aly —  — Qu) — uv? = 1. 
Since u = z— 2, we have y— x -— 2u = x+y — 2z; hence 
(11,41, 21) = (0,20 + Yo — 220,20 — Xo) is that triple. We check 


now that 71,41, 21 > 1. Indeed, the inequalities 


Lo + Yo : 
2 = xoyo — 1 < xoyo < (=t) 


imply that z) < 5%, ie., y, > 1. Also, the inequality 2 = xoyo — 


1> ae — 1 implies zp > x — 1. 

If zo = xo — 1, then xo(yo — 29 + 2) = 2, which is impossible, since 
ro > 2 and yo — 7% +2 > 2. 

If zo = Xo, then xo(yo — Xo) = 1, which is impossible, since xo > 2. 
Therefore z1 = z — ro > 1. 

Moreover, if we had 21 = m?+n?, y, = p?+q?, and 21 = mp+nq, 


then we would obtain 

FD 2 _ 92 2 = 
L=M +n, Bt+yo-2=p +q, and %—-—x2=mp+nq, 
and hence 

ern) Sore, = 2 2 
Yo = pi’ +q° +22 —a9 = p+¢q° +2mp+2ng4+29 = (ptm) +(q+n) 


and z) = m(p+m)+n(q+n), which contradicts our initial assumption 


concerning the triple (29, yo, 20). 


1.7 Miscellaneous Diophantine Equations 253 


We obtained the positive integers triple (21, yi, 21) satisfying all 
properties at the beginning of the proof, with z, < zg. This contra- 
dicts the minimality of zo. 

Remark. Choosing z = (2s)!, we will prove that each prime p of 
the form 4s + 1 is representable as a sum of two perfect squares. 

Indeed, from Wilson’s theorem it follows that (p — 1)!+1 = 0 


(mod p), i.e., (4s)! + 1 = pr, for some positive integer r. But 


(4s)! = (2s)!(4s + 1 — 1)(4s + 1 — 2)--- (4s + 1 — 28) 


= (2s)!(—1)?8(2s)! = ((2s)!)?_ (mod p). 


It follows that ((2s)!)? = py —1. Applying the result in the problem 
for p= x and z= (2s)!, the property follows. 
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1. Prove that the equation 6(6a? + 3b? + c*) = 5n? has no solution 


in integers excepta=b=c=n=0. 
(Asian Pacific Mathematical Olympiad) 


Solution. Assume that a nontrivial integer solution (a, b,c,n) ex- 
ists. We may assume that gcd(a,b,c,n) = 1, since any common di- 


visor can be divided out. We have 
5 2 
6a? + 30°? +0 = a= 
Clearly 6 | n. If n = 6m, then 


2: 
202 +2 + > = 10m?, 
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and therefore 3 | c. If c = 3d, then 
2a? + b? + 3d? = 10m”. 
For any integer 2, we have x? = 0,1,4 (mod 8). Therefore 
2a? =0,2 (mod 8), 


b?=0,1,4 (mod 8), 
3d? =0,3,4 (mod 8), 
but 
2a? + b? + 3d? = 10m? =0,2 (mod 8). 


Hence b? and 3d?, and therefore b and d, are even. It follows that 


cis even. Let b = 2r, c= 2s. Then from the original equation, 
36a” + 72r? + 24s” = 180m?, 


and 36a? is therefore divisible by 8. Therefore a is even, along with 
b,c, and n, contradicting the coprimality assumption. 


2. Determine a positive constant c such that the equation 
zy? —y?—-x+y=c 
has exactly three solutions (x,y) in positive integers. 
(United Kingdom Mathematical Olympiad) 


Solution. When y = 1 the left-hand side is 0; hence we cannot 
have three solutions. Thus we can rewrite our equation as 


Herat) ve 
(y+1)(y—1) 
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The numerator is congruent to —1(—2) +c modulo (y+1), and it 
is also congruent to c modulo (y — 1). Hence we must have c = —2 
(mod (y+ 1)) and c= 0 (mod (y — 1)). Because c = y — 1 satisfies 
these congruences, we must have c = y— 1 (mod Iem(y— 1,y + 1)). 
When y is even, lem(y — 1,y +1) = y? — 1; when y is odd, lem(y — 
1,y +1) = 3(y?— 1). 

Then, for y = 2,3,11, we have c = 1 (mod 3), c = 2 (mod 4), 
c = 10 (mod 60). Hence, we try setting c = 10. For x to be an 
integer, we must have (y—1) | 10 => y = 2,3,6, or 11. These 
values give x = 4,2, 2, and 1, respectively. Thus there are exactly 
three solutions in positive integers, namely (x, y) = (4,2), (2,3), and 
(1,11). 

3. Find all triples (x,y,z) of positive integers such that y is a 


prime number, y and 3 do not divide z, and x° — y? = z?. 
(Bulgarian Mathematical Olympiad) 


Solution. Rewrite the equation in the form 


(2 —y)(2’ +2y+y?) =2?. 

Any common divisor of x — y and x? + xy + y? also divides both 
2 and (27+ xy 4+ y”) — (x + 2y)(x — y) = 3y”. Because z? and 3y? 
are relatively prime by assumption, x — y and 2? + xy + y? must be 
relatively prime as well. Therefore, both x — y and x? + xy+ y? are 
perfect squares. 


Now writing a = ,/x — y, we have 


et+ayty? =(a+y)?4+ (ae +y)yty? = at + 3a7y + 3y? 
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and 4(x? + xy + y*) = (2a? + 3y)? + 3y?. 
Writing m = 2,/2? + xy + y? and n = 2a? + 3y, we have 


m? = n? + 3y’, 


or (m—n)(m+n) = 3y’, so (m—n,m4+n) = (1,3y7), (3, y?), or 
(y, 3y). 

In the first case, 2n = 3y? — 1 and 4a? = 2n — 6y = 3y? — by — 1 
is a square, which is impossible modulo 3. 

In the third case, n = y < 2a? + 3y = n, a contradiction. 

In the second case, we have 4a? = 2n—6y = y? —6y—3 < (y—3)?. 
When y > 10 we have y? — 6y—3 > (y—4)?; hence we must actually 


/y2—6y— 
have y = 2,3,5, or 7. In this case we have a = yews which is 


real only when y = 7, a=1, 7 = y+a? =8, and z = 13. This yields 
the unique solution (zx, y, z) = (8,7, 13). 


4. Determine all triples (x,k,n) of positive integers such that 
se a1Sa, 
(Italian Mathematical Olympiad) 


Solution. The solutions are all triples of the form (3* — 1,k,1) for 
positive integers k, and (2,2,3). 

The case of n = 1 is obvious. Now, n cannot be even, because then 
3 could not divide 3° = (x2)? + 1 (because no square is congruent 
to 2 modulo 3). Also, we must have x # 1. 

Assume that n > 1 is odd and « > 2. Then 3° = (a# + 
1) "59 (—2)', implying that both «+1 and S79 (—a)* are powers 
of 3. Because 


n-1 
ext1l<2?—-2x+1 <S°(-2)', 
i=0 
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we must have 
0= YS (-2)'=n (mod (x +1)), 


so that (x +1) | n. Specifically, this means that 3 | n. 


Writing x’ = x3, we have 3 = ¢!? +1 = (a! +1)(x” —2' +1). 
As before, x’ + 1 must equal some power of 3, say 3°. Then 3% = 
(3? — 1)33 +1 = 3% — 371 + 341 which is strictly between 3°°-1 
and 3% for t > 1. Therefore we must have t = 1, x’ = 2, and k = 2, 
giving the solution (x, k,n) = (2,2,3). 

5. For a positive integer n, show that the number of integral solu- 
tions (x,y) to the equation x? + ry + y* =n is finite and a multiple 
of 6. 

Solution. If (x,y) is an integral solution of 2? + xy + y? = n, then 
(—a,—y) is a different solution, so solutions come in pairs. If we 
can show instead that solutions come in sixes (and that there are 
only finitely many), we will be done. To see why solutions come in 
sixes, we can use algebraic manipulation to rewrite x? + xy + y? as 
a? + ab+ b? for suitable (a,b) 4 (x,y). 


First note that for any solution (x,y), we have 


Qn = 2x" 4+ Qey + 2y* =a? +y?24 (x+y)? >a? 4+y?. 


Therefore, any integral solution is one of the lattice points (points 
whose coordinates are integers) on or inside a circle of radius /2n, 


and so the number of integral solutions is finite. 
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Now observe that 


et+ayty? =(e¢£+y)*-2y 
=(r#+y)—2a(e@+y)+2? 
= (a+y)? + (e@+y)(—2) + (-2). 
Thus, if (x,y) is an integral solution of x? + xy + y? = n, then so 


is (x+y,—2). If we repeat this process with the new solution, we go 


through a cycle of solutions, 


(59) C2 Ose) eae) ee ea) 


after which we get back to (x,y). It can be checked directly that 
since x and y cannot both be zero, all six solution in the cycle (1) 
are different. 

6. Find all positive integers n such that there exist relatively prime 


positive integers x and y and an integer k > 1 satisfying the equation 
ak + yk = 3”, 
(Russian Mathematical Olympiad) 


Solution. The only solution is n = 2. Let 3° = x* + y*, where x, y 
are relatively prime integers with « > y, k > 1, and n a positive 
integer. Clearly, neither x nor y is a multiple of 3. Therefore, if & is 
even, x* and y* are congruent to 1 mod 3, so their sum is congruent 
to 2 mod 3, and so is not a power of 3. If k is odd and k > 1, then 
3” = (x + y)(x*-1 —... + y*1). Thus x + y = 3” for some m > 1. 
We will show that n > 2m. Since 3 | k, by putting x, = x*/3 and 
k/3 


y1 = y*/3, we may assume that k = 3. Then 2° + y? = 3” and 
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x+y = 3™. To prove the inequality n > 2m, it suffices to show 
that 2° 4+ y? > (x+y), or 22 —ay+y? >ax+y. Since x > yt 1, 
a? —x = x(2—1) > ay, and (2? —x+2y)+(y?—y) > y(y—1) 20, 
and the inequality n > 2m follows. 


From the identity (x + y)? — (2° + y?) = 3ay(a+ y) it follows that 


32m-1 eo 3gn—m—1 = xy. 


But 2m —1> 1, andn—m—1>n-—2m > 0. If strict inequality 
occurs in either place in the last inequality, then 32?”~! — 3"—™~! is 
divisible by 3, while xy is not. Hence n —m—1=n—-—2m= 0, and 
som =1, n= 2, and 3? = 2? + 13. 

Remark. The inequality 2? — ry + y? > x+y can alternatively 


be shown by noting that 


since (x — y)? > 1. 


7. Prove that for each prime p the equation 
2? + 3P = q” 
has no integer solutions (q,n) with q,n > 1. 
(Italian Mathematical Olympiad) 


Solution. When p = 2, we have q” = 13, which is impossible. 
Otherwise, p is odd and 5 | 2? + 3?. Because n > 1, we must have 
25 | 2? + 3”. Hence 


oP +(5—2)? = a+((?)s (—2)P1 + (-2)"] =5p-2?-! (mod 25), 
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so 5| p. Thus p = 5, but the equation q” = 2° + 3° = 52-11 has no 
solutions. 
8. Determine all pairs (a,b) of integers for which the numbers 


a? + 4b and b? + 4a are both perfect squares. 


(Asian Pacific Mathematical Olympiad) 


Solution. If a = 0, then b must be a perfect square, and vice versa. 
Now assume that both a and b are nonzero. Also observe that a? +4b 
and a? have the same parity, and similarly b? + 4a and b? have the 
same parity. 

If b is positive, then a?+4b > (|al+2)? = a?+4|a|+4 so |b] > Ja|-+1. 
If b is negative, then a? +4b < (|a|—2)? = a?—4]a|+4 so |b] > |a|—1. 
Similarly,a >0 => |a| > |b) +1landa<0 => |a|> |b] —-1. 

Assume without loss of generality that 6 > a. If a and 6 are posi- 
tive, then from the inequalities above we have b > a+1 anda > b+1, 
a contradiction. 

If a and 6 are negative, then we have either a = 6b ora = b— 1. 
For b > —5, only (a,b) = (—4,—4) and (—6,—5) work. Otherwise, 
we have (b+ 4)? < 0? 4+ 4a < (b+ 2)”, a contradiction. 

Finally, if a is negative and b is positive, then we have both |b| > 
|a| +1 and |a| > |b] — 1. Then we must have |b| = |a| + 1, and hence 
a+b=1. Any such pair works, because then a? + 4b = (a — 2)? and 
b? + 4a = (b — 2)? are both perfect squares. 


Therefore the possible pairs (a,b) are 


(Ay Ga), “ai 8) 
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and 


(0,n7), (n?,0), (n,1—n), 


where n is any integer. 

9. A rectangular parallelepiped has integer dimensions. All of its 
faces are painted green. The parallelepiped is partitioned into unit 
cubes by planes parallel to its faces. Find all possible dimensions of 
the parallelepiped if the number of cubes without a green face is one- 


third of the total number of cubes. 
(Bulgarian Mathematical Olympiad) 


Solution. Let the parallelepiped’s dimensions be a,b,c. These 
lengths must all be at least 3, or else every cube has a green face. 


The given condition is equivalent to 
3(a — 2)(b — 2)(c — 2) = abc, 
or 


en a tae ae 


: : b 7)\3 _ 
If all the dimensions are at least 7, then -45- 74-75 < (4) = 


38 < 3, a contradiction. Thus one of the dimensions, say a, equals 


3,4,5, or 6. Assume without loss of generality that b < c. 

When a = 3, we have bc = (b — 2)(c — 2), which is impossible. 

When a = 4, rearranging the equation yields (b — 6)(c — 6) = 24. 
Thus (b,c) = (7, 30), (8, 18), (9,14), or (10, 12). 

When a = 5, rearranging the equation yields (2b—9)(2c—9) = 45. 
Thus: (b,c): = 6, 27),(6,12), or (7,9): 

Finally, when a = 6, rearranging the equation yields (b—4)(c—4) = 
8. Thus (b,c) = (5,12) or (6,8). 
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Therefore the parallelepiped may measure 4 x 7 x 30, 4 x 8 x 18, 
4x9x14,4x10x12,5«5*x«27,5x6x12,5x7x9,or6x6x8. 


10. Find all positive integer solutions (x,y, z,t) of the equation 
(x+y)(yt z)\(2+2) =tryz 
such that gcd(x, y) = gcd(y, z) = ged(z, x) = 1. 
(Romanian Mathematical Olympiad) 


First Solution. It is clear that gcd(a,x + y) = gced(z,x2+4+ z) = 1, 
so x divides y+ z, y divides z+ x, and z divides x + y. Let a,b, and 


c be integers such that 


rt+y=c%, 
ytz=ax, 
zt+a= by. 


If we consider a system of linear equations having a nonzero so- 
lution, we get A = abc — 2 — a — b = 0, which is the determinant 


of 


The Diophantine equation abc — 2 = a+6b+c can be solved by 
consider the following cases: 

(1) a=b=c. Then a = 2 and it follows that x = y = z. Because 
géd(a,y) = ecd(y, 2) — eed(z,2) = 1, we set 2 = -y = 21 and 
t = 8, hence the solution (1,1, 1,8). 


(2) a=b, a¥c. The equation becomes 


eH 2S] bo Ss: ce = 1) S21) Scie = 1) S2. 
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If c = 2, it follows that x = y = z (which is case (1)). Soc=1 
and, immediately, « = y = 1 and z = 2. So the solution is (1,1, 2,9). 
(3) a> 06>. In this case, abc — 2 = a+b+c < 3a. Therefore 
a(be — 3) < 2. It follows that be —-3 < 2 = bc < 5. We have the 


following cases: 


Gb= 2 6=71 a = 3 and we return to case (2). 


(nebo Be = AT a = 5. We obtain the solution (1, 2,3, 10). 


(aii) Ga = 3a = 7, impossible. 

Finally, the solutions are (1,1,1,8), (1,1,2,9), (1,2,3,10) and 
those obtained by permutations of 2, y, z. 

Second Solution. Without loss of generality we may assume x < 
y <z. If x = y, then since gcd(z, y) = 1, we must have x = y = 1. 
Hence z | 2 and we get solutions (1,1,1,8) and (1,1,2,4). If a < y, 
then y > 2, and since gcd(y, z) = 1, we must have x < y < z. In this 
case gcd(z,y+ z) = gced(z,an +z) =1,soz|x+yandr+y < 2z. 
Thus x + y = z. Since similarly y | x + z, this gives y | 2x + y and 
y | 2a. Since gcd(z,y) = 1, we must have y | 2. Since x < y this 
forces x = 1 and y = 2 and hence z | 3. Since this gives z = 3, we 


have the solution (1, 2,3, 10). 


[1.2 


Solutions to Some Classical 


Diophantine Equations 


2.1 Linear Diophantine Equations 


1. Solve the equation 
6x + 10y —15z = 1. 


Solution. Working modulo 3, we have y = 1 (mod 3); hence y = 


1+3s, s € Z. The equation becomes 
6x — 15z = —9 — 30s, 


or equivalently, 2x — 5z = —3 — 10s. Passing to modulo 2 yields 
z=1 (mod 2), ie, z=14+2t,t € Zand  =1—5s+5t. Hence the 


solutions are 


(x,y,z) = (1-58 + 5t,1+3s8,14+2t), s,t€Z. 
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2. Let a,b,c be pairwise relatively prime positive integers. Show 
that 2abc— ab— bc—ca is the largest integer that cannot be expressed 


in the form xbc + yca+ zab, where x,y,z are nonnegative integers. 
(24th IMO) 


Solution. Step 1. The number 2abc—ab—bc—ca cannot be expressed 


in the required form. Assume, for the sake of contradiction, that 
2abe — ab — be — ca = xbe + ycz + zab, 
where x,y,z > 0. Then 
2abe = be(x + 1) + ca(y +1) + ab(z +1), 


where r+1>0,y+1>0,2+1> 0. It follows that a | bc(x + 1). 

Since a is relatively prime to b and c, a divides x + 1; hence a < 
x+1. Using similar arguments, we obtain b<y+1landc<z+l1. 
Thus 2abc = be(a + 1) + ca(y + 1) + ab(z +1) > 3abc. This is a 
contradiction. 

Step 2. Every number N, N > 2abc—ab—bc—ca, can be expressed 
in the form N = xbc+ yca + zab. 

First, observe that 2abc — ab — bc — ca+ 1 > 0. Indeed, 


1 1 1 1 1 
— (2abc — ab — be — 1)=2------ — 
Fi as a cere a b a ale 
>2 ee + : >0 
Eo <2). abe? 
Going further, we have two situations. When N = 0 (mod abc), 


N = abcq, we may consider the combination N = (ab)cq+bc-0+ca-0, 


which is of the required form. 
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Suppose now that N # 0 (mod abc). Since gcd(bc,a) = 1, the 


congruence 


xbc=N_ (mod a) 


has a solution x29, 0 < 29 < a. Similarly, the congruences 


ycz = N (mod 0), 


zab=N (mod oc), 


have solutions yo, zo, respectively, 0 < yo <b, O< zo <c. 


Let A = robc + yoca + zgab. Then 
A=xaobc=N (moda), A=N (modb), A=N _ (mod c). 


Since a,b,c are pairwise relatively prime, we obtain A = N 
(mod abc). 

The number A is a combination of the required form. Since ro < 
a—1, yo < 0-1, and z < c—1, it follows that A < 3abe—be—ca—ab. 
Also, since A = N (mod abc), we may write N = A+kabc. We have 


k > 0, because N > 2abc — bc — ca — ab. Therefore 
N = (a0 + ka)bc + yoca + zoab, 


where %9 + ka > 0, yo > 0, zo > 0. 


Remark. This is in fact the Frobenius coin problem with n = 3 
and coefficients bc, ca, ab. 
3. Find the number of triples (x,y,z) of nonnegative integers such 


that 


t+tyt2z=n. 
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Solution. From Theorem 2.1.3 we obtain that the desired number 


1 
An = 


on! 


) (0), 


where the generating function f is given by 


1 
fO= q-ya-90 
We have 
eegee f 22 i. 9 1 
Eo Gaip A Ga 0) Set 8k 
hence 
n 1 (-1)"(n+2)! 1 (-1)"(n+1)! 
fi WH 7 gayee eat 
belie ele 
68 -1P  8 OF 
Thus 
Dia eee) ee at. talent 
i 
and 
L on 2(n+1)(n+3)+14(-1)" 
Ap= i orem" 


4. Determine the positive integer n such that the equation 
e+2yt+ez=n 


has exactly 100 solutions (x,y,z) in nonnegative integers. 

Solution. Using the result in Problem 3, we obtain that the number 
of triples (x, y, z) of nonnegative integers satisfying the equation x + 
2y+z=nis 


2(n+1)(n+3)4+1+ ey 


Ayn = 
8 
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If n = 2k, then A, = (k + 1)?. It follows that k = 9 and that 
n= 18. 

Ifn = 2k+1, then A, = (k+1)(k+2) and note that the equation 
(k + 1)(k + 2) = 100 has no integral solutions. 

5. Let a,b,c,d be integers such that for all integers m and n there 


exist integers x and y for which ax+ by =m and cx +dy = n. Prove 


that ad — bc = +1. 
(Edtvos Mathematics Competition) 


First Solution. First, suppose that a = 0. Then we can express 


any integer m in the form by, so that b = +1, cx = n — dy, and c 


divides n + dm for all m and n, and so c = +1 and ad — bc = +1. 
The argument is similar if any of b,c, and d are 0. 

If abcd # 0, let A = ad — bc. Suppose that A = 0. Then € = a) 
Let their common value be A. Then n = cx + dy = A(ax+ by) = Am. 
This means that ~ = \ for any integers m and n. This is of course 
absurd. Hence A ¥ 0. We now solve ax + by = m and ca + dy=n 


dm—bn 
A 


for x and y. We have x = and y= “™. We are given that 


for any integers m and n, x and y are also integers. In particular, 


for (nigh) =(1)0), 2 = a and y, = —< are integers, and for 


Gris) = Ol) ge = -4 and y2 = * are integers. It follows that 


T1Y2— T2y1 = ad—pe = x is also an integer. The only integers whose 


reciprocals are also integers are +1. Since A is clearly an integer, we 


must have A = +1. 

Second Solution. Taking m = 1 and n = 0 gives integers x1 and y 
with ax, + by; = 1 and cx, + dy; = 0. Similarly, taking m = 0 and 
n = 1 gives rq and yo with arg + byg = 0 and cro + dyog = 1. Then 
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we compute 
(ad — be)(x1y2 — r2y1) 
= (ax, + by1)(cxg + dy2) — (cx, + dy1)(ax2 + by2) 


=1-1-0-0=1. 


Since these are integers, we must have ad — bc = +1. 

6. Let n be an integer greater than 3 and let X be a 3n?-element 
subset of {1,2,...,n?}. Prove that there exist nine distinct numbers 
@1,@2,...,a9 in X such that the system 

ax + agy + a3z = 0, 

agx + asy + agz = 0, 

a7x + agy + agz = 0, 
is solvable in nonzero integers. 


(Romanian Mathematical Olympiad) 


Solution. Label the elements of X in increasing order 71 <--: < 
L3n2, and put 
KS {Pig os Geely, Nos Aiea sy poe Boao}, 
X3 => {©on241, rae £32}. 
Define the function f : X, x X29 x X3 — X x X as follows: 
f(a,b,c) = (b—a,c— 6). 
The domain of f contains n° elements. The range of f, on the 
other hand, is contained in the subset of X x X of pairs whose sum 
is at most n?, a set of cardinality 


— n3(n3—1) _ n®& 
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By the pigeonhole principle, some three triples (a;,b;,c;) (@ = 
1,2,3) map to the same pair, in which case x = 6) —c1, y= C1 — 1, 
z = a, — 6, is a solution in nonzero integers. Note that a; cannot 
equal b;, since X; and X2 are disjoint and so on, and that a, = a 
implies that the triples (a1, 61, c1) and (dg, b2, cz) are identical, a con- 
tradiction. Hence the nine numbers chosen are indeed distinct. 


7. Let 


44121 + Gy2%2 +--+ + A1gLq = 0, 


49121 + Ag2%2 +--+ + Aoqg%q = 0, 


Api L1 + Ap2L2 + +++ + Apglg =, 0 
be a system of linear equations, where q = 2p and aj; € {—1,0, 1}. 
Prove that there exists a solution (%1,%2,...,%q) of the system with 
the following properties: 
(a) x; is an integer, for any j = 1,2,...,q; 
(b) there exists j such that x; 4 0; 


(c) |x; <q for any j =1,2,...,¢4. 


(18th IMO) 
Solution. Let (y1,Yy2,---,Yq) be a g-tuple of integers such that 
lyj) < p, j = 1,2,...,q. Then the value of the left-hand side of 


the rth equation is some integer between —pq and pq, since the co- 


efficients are —1, 0, or 1. Thus 


q 
y ari Yi 
i=1 


can have at most 2pq+1 values, pq positive integer values, pq negative 


integer values and the value 0. Now consider the p-tuple of all p left 
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sides in our system. Since each can take at most 2pq + 1 values, at 
most (2pq + 1)? distinct p-tuples can result. Each y; is an integer 
between —p and p, so there are 2p + 1 choices for each y;, and since 
there are q y’s in a q-tuple, we can make up a total (2p+ 1)? different 
ordered q-tuples. 

Now q = 2p, so the number of q-tuples (y1,..., Yq) with |y;| <p is 


(2p + 1)? = (2p + 1)” = [(2p + 1)?]” = [4p? + 4p + 1/?, 


while the number of p-tuples 


q q q 
se A1jUj, Me A2GUjr +++) pa pj Uj 
j=l j=l j=l 

they can generate is at most 

(2pq + 1)? = (4p? + 1)”. 


Therefore there are more q-tuples (y1,..., Yq) than there are value 
sets, and by the pigeonhole principle, there are at least two distinct 


q-tuples producing the same values of the left sides. Denote these 


q-tuples by 
(Yi, Yas +++ Yq) and (215-29; 2+, 24): (1) 
We claim that the g-tuple (#1, 72,...,%q) of differences y; — 2; = 
Lj, j =1,2,...,q, is a solution of the problem satisfying properties 


(a), (b), (c). To verify this claim, we first observe that 


qd qd 
) ArjUj = Y Ar 525, r=1,2,...,p, 
j=l j=l 


implies 


qd qd qd qd 
) Api L 5 = ) ar (Yj = 25) = ) ari Yj = ) Op 525 = 0. 
j=l j=l j=l j=1 
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So the 2; satisfy all p equations. Moreover, since y; and z; are 
integers, so are their differences, and (a) is satisfied. The q-tuples 
(1) are distinct, so not all x; are zero; thus (b) is satisfied. Finally, 
since |y;| < p and |z;| < p, we see by the triangle inequality that 


|x;| = ly; — z3| < |us| + lz;| < 2p, so |x| <q; (c) also is satisfied. 


2.2. Pythagorean Triples and Related Problems 


1. Prove that the system of equations 


ety? =v, 
ag? + 2y* =v, 
is not solvable in positive integers. 


Solution. Assume, for the sake of contradiction, that the system is 


solvable and let (x,y, u,v) be a solution. Then 


ue —y* = 2? and u2+y? =v". 


But this contradicts the result in Example 2. 
2. Let m and n be distinct positive integers. Show that none of the 
numbers 


2(m*+n*), m*+6m?n?+n4 


is a perfect square. 


Solution. Suppose that 2(m4 + n*) = v?, for some v € Z,. Then 
(2mn)? + (m? — n?)? = (m? + n?)? 


and 


(2mn)? + 2(m? — n*)? = v?, 


in contradiction to the result in Problem 1. 
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Similarly, assuming that m4 + 6m?n?+n4 = v?, for some v € Z4, 


we obtain 


and 


(m? — n?)? + 2(2mn)? = v?, 


which also contradicts the result in Problem 1. 


3. Prove that the equation 


gy? = 22(22 — 2? — y?) 


has no solution in positive integers. 
(Bulgarian Mathematical Olympiad) 


Solution. Solving the given equation for z?, we find that the dis- 
criminant of the resulting equation is 4+ 6x?y?+ y*. By the second 
result in Problem 2, this cannot be a perfect square, and we are done. 


4. Prove that the equation 
a? + y? = (a? + b)2?, 


where a and b are nonzero given integers, has infinitely many solu- 
tions. 


Solution. Let « = au + bv and y = bu — av. Then 
a? + y* = (a? + b?)(u? + v?) 


and the equation becomes u? + v? = z?. We obtain 
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for some integers m and n, hence the solution 


xz = k(am? + 2bmn— an), y= k(bm? — 2amn — bn’), 


z= k(m? +n’). 
5. Find all quadruples (x,y,z,w) of positive integers such that 
cy tyzt+ 20 = wu. 
Solution. The equation is equivalent to 


(Qe + y+ z)? = (y—z)? + (2x2)? + (2w)?. 


From Theorem 2.2.3 it follows that 


yY-Z= malls sie 2x = 21, 2w=2m, 
n 
P +m? +n? 
2e+y+z= ; 
n 


for some positive integers 1,m,n, with n a divisor of 1? + m?. 


Hence all solutions to the given equation are 


12 —In+m? 
n 


zr=l, y= , z=n-l, w=m, 


where I, m,n are positive integers such that n is a divisor of 1? + m? 


with I<n<1+@, 


6. Prove that there is no Pythagorean triangle whose area is a 


perfect square. 


Solution. Suppose, to the contrary, that such a triangle (a, b,c) 


exists. Then 


a? +b? =? and ab = 2d’, 
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for some positive integer d. Without loss of generality we may assume 
that a > b, since the case a = 6 cannot possibly occur because 


2 


2a? = ¢* is impossible. Hence 


c + (2d)? = (a +b)? and ce — (2d)? = (a —b)’, 


contrary to Example 2. 

7. Prove that the number of primitive Pythagorean triangles with 
a given inradius r is a power of 2, if r is integer. 

Solution. Let a,b,c be the side lengths of a Pythagorean triangle 
with inradius r, r € Z,. Simple geometric considerations lead to the 


relation 
at+b—c _ 
; a 


On the other hand, there exist positive integers m,n such that 
m>n, ged(m,n) = 1, m+n is odd, and 


a=m—n?, b=2mn, c=m?+n’. 


We obtain n(m —n) = r. Then the formula n(m — n) = r says 
that m—n is an odd factor of r relatively prime to r/(m—n). Thus 
m—n is determined by the set of odd prime divisors of r that divide 
m —n. Any such set determines m— n and n, hence the primitive 
Pythagorean triple. Thus the number of solutions is 2°, where t is 
the number of odd primes dividing r, as claimed. 


8. (a) Solve the equation 
ety? t+ 27 —ay—yz—-20 = 8’. 
(b) Prove that the equation 


w+? tw? = 20? 
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has infinitely many solutions in positive integers. 
(Titu Andreescu and Dorin Andrica) 
Solution. (a) The equation is equivalent to 
(2 —y)? + (@-2)(y—2z) =. 
Let x — z=uand y— z=v. Then 


(u—v)? + uv = #?, 


that is, 
(¢+u—v)(§t-—utv) = uw. 
Set 
t+tu-v _ Vv _m 
U tage 


with gcd(m,n) = 1 and get the system of equations 


(m —n)u+ nv = nt, 


mu —(m—n)v = mt. 
For t = k(m? — mn +n”), we obtain 
u = k(2mn — n?) and v = k(2mn — m2), 


for some rational number k such that u,v,t are integers. 
All quadruples (2, y, z,t) satisfying the equations are given by 
a=l+k(Qmn—n7), y=l+k(2mn—-m?), 
z=l, t=k(m?—mn+n?). 


(b) Seeking quadruples (u,v, w, s) with u+vu+w = 0, we perform 


the substitutions u= x —y,v =y-—z, w = z—2. The equation 


278 Part IL. Solutions to Exercises and Problems 


reduces to the previous one; hence an infinite family of solutions in 


nonzero integers is 


u=k(m?—n?), v=k(Qmn—m?), 


w=k(n?—2mn), t= k(m?—mn-+n’), 


where k,m,n are chosen so that wuwt 4 0. 
Passing to absolute values yields infinitely many solutions in pos- 


itive integers. 
2.3 Other Remarkable Equations 
1. Let p be a prime. Find all solutions to the equation 
a+b—c-—d=p, 
where a,b,c,d are positive integers such that ab = cd. 


(Mathematical Reflections) 


Solution. Substitute a = ry, b = zk, c= xz, d = yk, and without 


loss of generality a > b. Then 
a+b—c—d=(a-k)(y-—z)=p 


yields ce -k=1,y—z=porzr—k=p, y—z=1z. So solutions for 
quadruples (a,b, c,d) are quadruples 


(xy, (y — p)(z — 1), z(y —p), y(@ — 1), 


where x,y € Z. 


2. Let a,b,c be integers such that 


gcd(a, b,c) = 1 and ab+ be+ ca = 0. 


2.8 Other Remarkable Equations 279 


Prove that |a+b+ | can be expressed in the form x? + xy + y’, 


where x,y are integers. 
(Mathematical Reflections) 


Solution. Note that if a,b,c are integers such that ab = c’, then 
there exist integers k,m,n with (m,n) = 1 such that a = km?, b = 
kn?,c = kmn. Now ab+bc+ca = 0 is equivalent to (a+b)(a+c) = a’. 


Therefore we have 


a+b=km’, 
a+c=+kn’, 
a=kmn, 


where k € Z. Since gcd(a, b,c) = 1, we get k = +1. So 


2 


atb+c=k(m?—mn+n’), 


or 
la + b+c¢l =(—m)? + (—m)n + n?. 
3. Prove that the equation 
a? +ayty? = 367 


is not solvable in positive integers. 
Solution. Assume that the equation x? + xy + y? = 36? is solvable. 


Using formulas (2.3.9), we obtain 
k(m? + mn +n?) = 36; 


hence m? + mn +n? is one of the numbers 1, 2,3, 4,6,9, 12, 18, 36. 
None of these numbers appear in the third column of the table in 


Example 1. 
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4. Find all pairs of positive integers such that 
a? — sy +y? = 727. 
(Turkish Mathematical Olympiad) 


Solution. Given any solution to x? — xy + y? = 727, we can apply 
the transformations (x, y) + (y,y—2), then possibly (z, y) + (y, 2), 
to obtain another solution (x,y) with y <0 <a < |y|. 

We now find all such solutions with y < 0 < x < |y|. Rearranging 


the required equation gives 
y? — xy +a? — 727 =0. 


Viewing this as a quadratic in y, we can apply the quadratic formula 


to find that 


ctx V 2908 — 322 
5} 7 


Hence 2908 — 32? must be a perfect square, and it is not divisible 


Y= 


by 3. Because 32? < y? — xy + 2? = 727, we further know that 
2181 < 2908 — 3a? < 2908, giving 46 < /2908 — 3x? < 54. Testing 
these possibilities, we find that only 2908 — 32? = 49 has an integer 
solution x, yielding the unique solution (13, —18) of the desired form. 

Thus, every solution can be transformed into (13, —18) by applying 
the two maps described earlier. Hence, any solution is in the orbit 
of (13, —18) or (—18, 13) under (2, y) + (y,y — x), implying that all 


the solutions to 2? — ry + y? = 727 are 
(18,31), (31,13), (13,31), (31,18). 
5. We say that the positive integer z satisfies property (P) if 


z=a2*+ayty’, 
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for some positive integers x and y. Prove that: 
(a) if z satisfies property (P), then so does z?; 
(b) if z? satisfies property (P) and gcd(x,y) = 1, then so does z. 


(Dorin Andrica) 


Solution. (a) Since z = m?+mn-+n?, for some positive integers m 
and n,m > n, it follows that z? = q? + qr+r?, where q = 2mn+n? 
and r = m? — n?. 

(b) If 2? = a? + ay4+ y’, with ged(x,y) = 1, then from (2.3.9) 
we deduce that « = 2mn+n?, y = m?—n?,m> n, and z = 
m? +mn-+n?, for some positive integers m and n. 


6. Solve in integers the equation 
a? + 3y? = 42. 

Solution. Without loss of generality we may assume that 
ped (a, a) = Ws 


Also, note that x and y cannot have different parity. It follows that 
x and y are both odd. Setting x + y = 2a, x — y = 2b, a,b € Z, the 
equation becomes 


a? —ab+b? = 2”. 


From (2.3.11) it follows that 


a= 2mn — n?, a=m—n?*, 
b=? — an, or b= 2mn— n?, 
z=m—mn+n’, z=m—mn+n’, 


for some integers m,n. 
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The general solutions are 
(em? + 2mn — 2n”), k(2mn — m?), k(m? — mn + n’)) 
and 
((m? + 2mn — 2n”), k(m? — 2mn), k(m? — mn + n?)) 


where k,m,n € Z. 


7. Find all triples (x,y,z) of nonnegative integers satisfying the 
2 


equation x4 + 14x2y? + y4 = 2. 
(Ion Cucurezeanu) 
Solution. Let (x,y,z) be a solution to the equation. Then 


(2x)* + 14(2a)*(2y)? + (2y)* = (42)?. 


Setting 2x = a+b, 2y = a—b, a,b € Z4, a > 3B, yields the 


equivalent equation 
(a + b)* + 14(a? — b*)? + (a — b)* = 1627, 


which reduces to 


a* — a7b? + bt = 2”. 
From Theorem 2.3.3 we obtain 
(a,b, z) = (k,k,k”) and (a,b, z) = (k, 0, k?), 
where k € Z,. The solutions to the equation are 
(x,y,z) = (k,0,k*), (0,k,k”) and (x, y, z) = (1,1, 417), 


where k,l € Zy. 
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8. Solve in positive integers the equation 


3x4 + 10a7y? + 3y4 = 2?. 


Solution. Write the equation in the form 


(3x? + y?)\(a? + 3y?) = 2”. 


It is not difficult to see that x and y have the same parity, for 


Bes 


otherwise z (mod 4), which is not possible. We may assume 


that ged(x,y) = 1. Then ged(3x? + y?, x7 + 3y?) = 1, and so 
3x7 + y? = 4s? and x? + 3y? = 4¢? 


for some positive integers s and t. Using the result in Example 2, we 
obtain zx =y=s=t=1. 


The general solution is 
(x,y; Z) re (k, k, 4k), keZy,. 


Solution 2. Since x and y have the same parity, set x = a+ Bb, 


y=a-—b, z= 4c, where a,b,c € Z1, a > b. Then 
3(a + b)* + 10(a? — b?)? + 3(a — b)* = 16c?, 


which reduces to 


at +.07b? +64 =e’. 


From Theorem 2.3.2, it follows that (a,b,c) = (k,0,k?) or 
(a, b,c) = (0,k,k?), k € Zy. 


The solutions are 


(x,y,z) = (k,k,4k7), kEZ4. 
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2 b?,c? that form an arithmetic se- 


9. Find all distinct squares a 
quence. 

Solution. We have a? + c? = 2b7, so we may assume without loss 
of generality that a and c are both odd. 


Setting a = u+v,c = u-—v, where u,v € Z,, u > v yields 


u? + v? = b?. Then 


u=2mn, usm —n?, 
v=m—n?, or v = 2mn, 
b=m? +n?, b= m+n, 


for some positive integers m,n, with m > n. The desired triples are 
((m? + 2mn — n?)?, (m? + n?)?, (m? — 2mn —n7)") where m,n € Z4, 
m>n. 
10. Solve in integers the equation 
xy(x? + y*) = 227. 


(Titu Andreescu) 


Solution. Multiply both sides by 8 and write the equation in the 


equivalent form 
(z+ y)* — (@ —y)* = (42). 


From Example 6 it follows that x — y = 0, so the solutions are 
(2; Y, z) = (k, k, k?), k € Z. 
Solution 2. We may assume that x,y,z > 0 and gcd(z,y) = 1. 


Write the equation as 


Qry(a* + y*) = (22)?. 
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The condition gcd(x, y) = 1 implies 
ee DPN Pr 
gcd(2ry, 2 + y*) = 1 or ged(2ry, 2° + y*) = 2. 


In the first case, it follows that 2ry = u? and 2? + y? = v?, for 


some positive integers u,v. We obtain the system 


pu =(e+y)?, 


which is solvable only if « — y = 0 (see Example 2 in Section 2.2). 


In the second case, we obtain the system 


LY = u’, 


gt y? =v, 


which can be written in the equivalent form 


and the same argument shows that « — y = 0. 


11. Find all integral triples (x,y,z) satisfying the equation 
a* — 627y? + y* = 27. 


Solution. We may assume that x,y,z >0, x > y, and gcd(a,y) = 


1. Write the equation as 
(a? — y?)? — dey? = 2?. 


Then 


286 Part IL. Solutions to Exercises and Problems 


We will show that gcd(x? — y? + z, x2? — y? — z) = 2. We cannot 


have both x and y odd, for then z? = —4 (mod 16). Let 2 be odd 


and y even. Then z is odd and gcd(a? — y? + z, a? — y? — z) divides 


2z, so it is 2. It follows that 
ga—yt+z2=20, 2 -y?-—2z=20? 
for some positive integers a,b, with xy = ab and gcd(a, b) = 1. Then 
x? — y* = a? +b’, and so 
(a? Pay)? = (a? he b?)? 4+ 4a?b?. 
We obtain 
a* + 6a7b? + bt = (a2? 4 y*)?, 


and from Example 6, (a,b) = (k,0) or (a,b) = (0,k), k € Z. 
The solutions are (x,y,z) = (k,0,k?), (x,y,z) = (0,k,k?), k € Z. 
12. If a and b are distinct positive integers, then 2a(a? + 3b”) is 


not a cube. 


Solution. Note that 
2a(a? + 3b”) = (a +b)? + (a — b)?. 
Hence if 2a(a? + 3b?) = c?, then we obtain 
(bb pie@sbr =e. 


By Theorem 2.3.8 it follows that the above relation is not possible. 
13. Prove that equation x® — y® = 4z3 is not solvable in positive 
integers. 


(Titu Andreescu) 
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Solution. Assume that the equation is solvable in positive integers 
and let (x,y,z) be a solution. Then 2(2° — y®) is a perfect cube; 
hence 

2(2? — y?) | (a? — y?)? + 3(ay)? 
is a perfect cube. But this contradicts the result in Problem 10. 
14. Prove that the system of equations 


ety = 27, 


ae 


3 ’ 


ry = 
is not solvable in nonzero integers. 


(Titu Andreescu) 


First Solution. Assuming that (x,y,z) is a positive integral solu- 


tion to the given system, we have 


a? —gyty? = («4+ y)? —3ay = 24 — (24 -—z) =z; 


3° in contradiction 


hence 2? + y? = (a+ y)(x* —zyt+y’) = 22-z=2 
to the result in Theorem 2.3.8. 

Second Solution. We have z4 = (a + y)? > 4ry = 4(z4 — z)/8, or 
on rearranging, 4z > 24. This means that z > 0 and 4 > z®. Hence 


z= 1, and we get ry = 0, a contradiction. 


IL.3 


Solutions to Pell-Type Equations 


3.1 Solving Pell’s Equation by Elementary 
Methods 


n(n tt) 


1. Find all positive integers n such that is a perfect square. 


(Dorin Andrica) 


aint) 


Solution. Let = y’, which is equivalent to 


Ones 197 Sa: 


The Pell’s equation «2? — 12y? = 1 has (7,2) as fundamental solu- 


tion, and all its solutions are given by 


am =5((7 + 2V/12)™ + (7 - 2vi2)"), 


— sagt + VB)” — (7 -2v72)"). 
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It follows that 
1 
2m +1 = am = 5|[(2+ V3)" + (2- V8"), me 1; 


hence the desired numbers are 


ws var ov 


Nm = 


2 


(2+ v3)" — (2 v3ym] 
2/3 


m > 0. 

Remark. Note that all n with this property are of the form 3k?. 

2. Find all triangles having side lengths consecutive integers and 
area also an integer. 

Solution. Let the sides be z — 1, z,z +1. The semiperimeter s and 
the area A are 2 and A = a, respectively. If A is an integer, 
then z cannot be odd, say z = 22, and z?—4 = 3u?. So 4x?—4 = 3u?, 
which implies that u is even, say u = 2y. Then 2? — 3y? = 1, which 


has (2,1) as fundamental solution. Therefore all positive integral 


solutions are (pn, Yn), where 


on = 5 [2+ V3" + 2 v3"), 
sna 


Yn 3 


The sides of the triangles are 27, — 1, 2x%,,2x%, +1, and the areas 


[(2 + v3)" Oe v3)", n>1. 


are A = 32nYn.- 

3. Prove that there are infinitely many triples (a,b,c) of positive 
integers such that the greatest common divisor of a, b, and c is 1, 
and a?b? + b?c? + ca? is the square of an integer. 

Solution. Suppose a7b?+b?c?+c?a? = d?, and rewrite the equation 
as 


@ —(a? 4+ Bc? = 076". 
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With a = 1, this reduces to 
d? — (b? +.1)c? = b?. 


Now let b = 1 to obtain d? —2c? = 1. This is a Pell’s equation, having 
the fundamental solution (dj,c1) = (8,2). The general solution of 


this Pell’s equation is 


1 1 
Gee [(34+2V2)"-+(8-2v3)" gibi es ees |(3+2v2)"—(3-2v3)" 
2 2/2 
generating infinitely many triples (1,1, c¢,). 
4. Prove that there are infinitely many positive integers n such 


that [\/2n] is a perfect square. 


Solution. We consider the equation 
oy Si, 


with the fundamental solution (7,y) = (3,2). By Theorem 3.2.1, 
it has infinitely many positive integer solutions. For each of these 


solutions, we have 


implying that 
(g? —1)? = 2? — 267 44.1 < 2? — a? = 2279? < 2%, 


or 


e—1<ayVv2 <2’. 


Setting n = ry shows that [n/2] = x? is a perfect square. 
5. Prove that there are infinitely many triples (a,b,c) of integers 
such that 


a 4b" =’, 
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and gcd(a,c) = 1. 


Solution. To prove this, factor the equation 


as 


b° = (c+ a*)(c — a’). 


If a and c have opposite parity, the two factors on the right are 


relatively prime, so there are integers m and n such that 


m =c+a’, n =c—a’. 
It follows that we have a solution if we can find integers a and c of 
the form 

= m3 +n ia m 

2 ; 2 

These values of a? and c are clearly integers (since m and n are 
both odd), so the only constraint on m and n is that they make a 
an integer. There are several ways of constructing an infinite family 
with this property. For example, if we restrict ourselves to “twin” 
values of m and n, meaning that m = k+1 and n= k-—1, the above 


equation for a? becomes 
a” — 3k7 = 1, 


which is a Pell equation. By the usual method we have the funda- 


mental solution (a1, 1) = (2,1). All solutions (a;,k;) are given by 


aj +kjV3 = (24+ V8, 7=1,2,...; 
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hence 
aj = 5 [2+ v3) + 2 - v3y], 
ky = 5 g[@+ v3) - @- v5y)], j =1,2,.... 


We obtain the triples (a;,(k? — 1),k? + 3k;), 7 = 1,2,.... 
a J a J 


6. Solve in positive integers the equation 
a? — dry ty? =1. 
Solution. Substituting u = y — 2x, the equation becomes 
a — 3a? = 1. 
The general solution (un,2%p) is given by 
lin, FeV 3 = (2+ V3)". 
We obtain 


tim = a |(2+ V3)" —(2-V3)"], tin = 5 [2+ V3)" + 2-3)"; 


1 
2 


1 
2/3 
hence 


Un = tint 20, = <A [(2 a A) ames ee vay") ; 


Because of the symmetry, the equation also has the solution (yp, Zp). 
7. Let ag = 0, a, = 4, and an41 = 18dn — An_1, n > 1. Prove that 
5a? +1 is a perfect square for all n. 


Solution. Consider the Pell’s equation 


az? —5y? = 1, 
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with the fundamental solution (9,4). Its general solution is given by 
In + YnVd = (9 + 4/5)”, n> 0. 


According to Theorem 3.2.1, sequences (%n)n>0 and (Yn)n>0 satisfy 


the recurrence relations 
Lnt1 =9Xn + 20Yn, Ynti =42%n+9Yn, n=O, 


with zo = 1 and yo = 0. Moreover, y, = 4, and substituting 47, = 


Yn+1 — IYn into the first relation yields 


1 1 
= (Yn+2 — 9Yn+1) = 9+ 7(Yn+1 — Yn) + 20Yn, 
4 4 


that is, Yynt2 = 18yn41 — Yn, n> 0. 

Because sequences (G@y,)n>0 and (Yn)n>0 satisfy the same recurrence 
relation and ag = yo, a1 = y1, it follows that a, = yy for all n. 

On the other hand, 5a? + 1 = 5y? +1 = 22, for all n > 0. 

8. Prove that if the difference of two consecutive cubes is n?, then 
2n—1 1s a square. 


Solution. Let 
(m +1)? — m3 = 3m? +3m41=n?. 


Then 
(Qn)? = 3(2m +1)? +1, 


so (2n,2m + 1) is a solution of Pell’s equation 
a? — 3y7 = 1. 
As shown already, we obtain 


In + Om + V3 = 24:73). 
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In order for n to be integral, / must be odd. It follows that 


4n = (2 a /3)2k+1 ae (2 = Ye) ae 


Finally, 

on 1 AVEO + VI + (1 VIO = VBR— 4s 
= 4 = p) 

where 


N = 5((1 + v3)(2+ v3) + (1 — V3)2— v3") 


is an integer. 


9. Consider the system of equations 


G+y=z+u, 


2xry = ZU. 


Find the largest value of the real constant m such that m < 3 for 


any positive integral solution (x,y,z, u) of the system, with x > y. 
(42nd IMO Shortlist) 


Solution. Squaring the first equation and then subtracting four 


times the second, we obtain 


a? — 62y +y? = (z—u)?, 


GGG) ae 


The quadratic w? — 6w + 1 takes the value 0 for w = 3+ 2v2, 


from which 


and is positive for w > 3+ 2/2. Because 2/y > 1 and the right side 


of (1) is a square, the left side of (1) is positive, and we must have 
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z/y > 3+ 2/2. We now show that 2/y can be made as close to 
3 + 2,/2 as we like, so the desired valued of m is 3+ 2\/2. We prove 
this by showing that the term ((z — u)/y)? in (1) can be made as 
small as we like. 

To this end, we first find a way to generate solutions of the system. 
If p is a prime divisor of z and u, then p is a divisor of both x and 
y. Thus we may assume, without loss of generality, that z and u are 
relatively prime. If we square both sides of the first equation and 


then subtract twice the second equation, we have 
(29 —y)* = 27 +’. 


Thus (z,u,x — y) is a primitive Pythagorean triple, and we may 
assume that u is even. Hence there are relatively prime positive in- 


tegers a and b, one of them even and the other odd, such that 
z=a’—b?, u=2ab, and x—y=a’?+0d?. 
Combining these equations with «+ y = z+ u, we find that 
z =a’ +ab and y = ab— 0’. 


Observe that z—u = a?—b?—2ab = (a—b)* —2b?. When z—u = 1, 


we get the Pell equation 
(a — 6)? = 2b? =1, 


whose fundamental solution is a — b= 3, b= 2. 
This equation has infinitely many positive integer solutions a — b 
and b, and both of these quantities can be made arbitrarily large. It 


follows that y = ab—b? can be made arbitrarily large. Hence the right 
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side of (1) can be made as small as we like, and the corresponding 
value of x/y can be made as close to 3 + 2\/2 as we like. 
10. Prove that the equation x? — Dy* = 1 has no positive integer 


solution if D # 0,3,8,15 (mod 16) and there is no factorization 


D = pq, where p > 1 is odd, gcd(p,q) = 1, and either p = +1 
(mod 16), p=q+1 (mod 16), orp=4q+1 (mod 16). 


Solution. Let x,y > 0 be a nontrivial solution with minimal y. If 


y is odd, then 
Dy*t +1#0,1,4,9 (mod 16), 


and thus it is not a quadratic residue modulo 16. Thus y should be 


even and x odd. Further, we have 
t+1=2pa*, xc—1=8qb*, y=2ab, 


or 


t—-1=2pa*, c+1=8qb*, y=2ab, 


where D = pq, gcd(p,q) = 1, and a is odd. 
If p > 1, then 
pat os Aqb4 sone 


If b is even, then p = +1 (mod 16), contradiction. If b is odd, then 


p=4q+1 (mod 16), again false. 
Thus p = 1 and 
a’ = ADbv* as wal Ee 


The equation a4 — 4Db+ = —1 has no solution modulo 4; thus 


at —1=4Db*. Then D = rs, b = cd, gcd(r,s) = 1, and 


a+1=2re!, a? -1=2sd'. 


298 Part IL. Solutions to Exercises and Problems 


Thus c, r are odd, and we have 
rc — sd* =1. 


If r = 1, then c4 — Dd‘ = 1 and y = 2acd, so there exists a solution 


of our equation with d < y/2, contradicting the minimality of y. 


If r > 1, then d cannot be even because r # +1 (mod 16). But if 
d is odd, then r= s+1 (mod 16), contradicting our assumptions. 

Remark. In 1942, W. Ljunggren proved that the equation 2? — 
Dy* = 1 has at most two positive integer solutions if D > 0 is 
not a perfect square. He also gave an algorithm that computes the 


nontrivial solution when it exists. 


3.2 The Equation ax? — by? = 1 


1. Prove that there are infinitely many quadruples (x,y,u,v) of 
positive integers such that x* + y* = 6(z? +w?) +1 with 3| x and 


2| y. 
(Dorin Andrica) 


Solution. The equation 3r? — 2s? = 1 has minimal solution 
(xo, yo) = (1,1), and from Theorem 3.3.2 all its solutions are given 


by 


Tr =Unt2Upnj, Sn=Unt+3Un, n=O), 


where (Un,Un)n>0 is the general solution to Pell’s resolvent 


u? — 6v? = 1. 
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The quadruples (2, y, 2, w) = (3rg71, 28487, 7KS1, T1Sk), k,l > 0 have 


the desired property. Indeed, 
a? + y? — 6(z? + w*) = Bre? + 487s? — Gris? — Gr?s? 
= (3r? — 2s2)(3r? — 2s?) =1-1=1, 
and 3 | x, 2 | y. 


Remark. The solution (3rz, 257, 8,77) also works and it is easier 


to check: 


(3rx)* + (28;) — 682 — 6r? = 3(3r? — 282) — 2(3r? — 2s?) = 3-2=1. 


2. (a) Find all positive integers n such thatn +1 and 3n +1 are 
simultaneously perfect squares. 

(b) Ifny < ng <+++< np <-->: are all positive integers satisfying 
the above property, then npnpi1 +1 is also a perfect square, k = 
Te as 


(American Mathematical Monthly) 


Solution. (a) If n+ 1 = 2? and 3n+1 = y’, then 3a? — y? = 2, 


which is equivalent to the Pell’s equation 
u? — 3v2 = 1, 


where u = $(3x — y) and v = $(y — x). The general solution is 


(ux, Uk)k>0, Where 


hence 


[(24+-v3)"*414(2-v3)tt—al, E30. 


Dlr 


ny = 02-1 = (up to,)?-1= 
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(b) We have 
l 2 
NeNkyy t1= {7le me) eae Oe Pe ) al} oe 0: 


3. Prove that there exist two strictly increasing sequences (an) and 
(bn) of positive integers such that an(an +1) divides b? +1 for all 


n> 1. 
(40th IMO Shortlist) 


Solution. It suffices to find increasing sequences (Gp), (bn) of posi- 
tive integers and a positive integer k such that 62 + 1 = k(a? + an), 


for all n > 1. The last relation is equivalent to 
k(2a,, + 1)? — (26,)? =k +4. 
For k = 5, the equation 
5a? — y’ =9 


has infinitely many solutions. Indeed, (3,6) is a solution and the 


pairs (2p, Yn), where 
In = 3Un + 6Un, Yn =6Un+15nj, n>1; 


and (tn, Un) is the general solution to Pell’s equation u? — 5v? = 1, 


satisfy the equation. Indeed, 


bat — y? = 5(Btun + Gun)? — (6uin + 15u,)? 


= 9u2 — 452 = 9(u2 — 5u7) = 9-1=9 


for all n > 0. 
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It is clear that u2 — 5v2 = 1 implies up odd and vp, even for all 
n> 0. 


It follows that the sequences (a,,), (bn), where 


—1 3Un — 1 
an = =, = = + 3Un, by = = = 3Un - 156, n= 0, 


contain only positive integers, are increasing, and a,(a,, +1) divides 
b2 +1 for all n > 0. 
4. Let x and y be positive integers such that x(y+1) and y(« +1) 


are perfect squares. Prove that either x or y is a perfect square. 
(Titu Andreescu, Iurie Boreico) 


Solution. Suppose x = an? and y = bv? for some positive inte- 
gers a,b,u,v, where a and b are square-free. Then au?(bu? + 1) and 
bv2(au? + 1) are perfect squares, so there are positive integers s and 


t such that 
a(bv? + 1) = (as)? and b(au? + 1) = (bt)?. 


Then 


as’ — bv? = 1 and au? — bt? = —1. 


From Example 3, a = 1 or b= 1 and the conclusion follows. 
3.3 The Negative Pell’s Equation 
1. Find all pairs (x,y) of positive integers satisfying the equation 
x? —6ry+y? =1. 


(Titu Andreescu) 
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Solution. The equation is equivalent to 
2(a—y)*- (ety)? =1. 


Without loss of generality we may assume x > y. 
Performing the substitutions X = x+y, Y = x—y, we obtain the 


negative Pell’s equation 
X? ay? = 
By Theorem 3.4.1, its general solution (Xp, Yn)n>1 is given by 
Xn = Un +2Un, Yn = Unt Un, 


where (Un, Un)n>1 is the general solution to the Pell’s resolvent u? — 
2y* = 1, that is, 
1 
Un = ae) 218 — 2v2)"|, 
Soyo (3 — 22)". 


Un = 


me | 
We obtain 
Xn = Un + 2Un = 


AG 4 Vay (1 aye), 
YS oe = FR l(a +2)! (1 vay]; 


hence 
1 1 
pee 5(Xn i ae walt tk J/2)2nt2 Lies ayer, 
tn = 5 (Xn ~ Ya) = al + v3) — (0 v2™]. 


The sequence (Pm)m>1 given by 


Pn = sed + V3)" — (1 = VIN") 


2/2 
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is known as Pell’s sequence. It satisfies the recurrence relation 
P41 = 2Pm+ Pm—-1, Pt = 1, Po = 2. Hence the solutions to our 


equation can be written in the form 


1 1 1 1 
(Gigi Ua) = (5 Pana Pin) ; (Gas Gn) = (5 Fin Pinca) , ne 1; 


where the second solution follows by the symmetry in x and y. 
2. Prove that there are infinitely many positive integers n such 


that n? +1 divides nl. 


(Kvant) 


Solution. The equation x? —5y? = —1 has (2, 1) as its least positive 
solution. So it has infinitely many positive solutions. Consider those 
solutions with y > 5. Then 5 < y < 2y < a, since 4y? < 5y?—1 = 2”. 
Therefore 2(a? + 1) = 5y- 2y divides z!. 

3. Le Ge = n2+(n+ 1], n > 1. Prove that there are infi- 
nitely many n’s such that dy — Gn_1 > 1 and anit — An = 1. 

First Solution. First, consider n? + (n + 1)? = y?, which can be 
rewritten as (2n + 1)? — 2y? = —1. This negative Pell’s equation has 
infinitely many solutions (x,y) and each x is odd, say x = 2n + 1, 


for some n. For these n’s, an = y and 
a (n — 1)? + re = RG - 4n| 
implies n > 2 and 


Qn-1 < Vy? -4n<y-1l=a,-1, 


1.€., Gn — Gn—1 > 1. 
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Also, for these n’s, 


angi = |V@ FIP + e+ 2P] = [Vor Fan +]. 


Since n < y < 2n +1, we easily get 


ytl1< Vy2?+4n+4< y+2, so dnyi — Gn =(y+1)-—y=1. 


Second Solution. If a, = k > 1s0 that k? < n?+(n+1)? < (k+1), 
then 16(n + 1)? > 8k? > (2k4+ 1)? so 4(n +1) > 2k +1. Hence 
(k+1)? < n24+ (n4+1)?24+4(n +1) = (n+ 1)? + (n+ 2). Thus 
Gn41 — 4, > 1. Also one easily computes that Jim, Cp = V2. 
Therefore there must be arbitrarily large n with a, — ay,_1 > 1, but 
this cannot hold for all large n, so there must be infinitely many 
transitions back to difference 1. 


4. Let k be an integer greater than 2. Prove that 
PaaS Sl 


is solvable if and only if k = 3. 
Solution. We will show that 


u? — (k? — 4)v? = —4 (1) 


is not solvable if k # 3. Assume the contrary and let (u,v) be a 


solution. Then wu and kv have the same parity. Consider x = weRD 


Then u = 2% — kv, and (1) becomes 
a? +y*+1=a0k. 


Since k ¥ 3, this contradicts the result in Problem 6(a) in Section 1.6. 
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Assume now that for k 4 3, (1) has a solution (2, y). Multiplying 
both sides by 4 yields 


(2x)? — (k? — 4)(2y)? = —4, 


contradicting the above result concerning (1). 


When k = 3, (1) becomes 
ge? = by? = =1. (2) 


The minimal solution to (2) is (2,1). From the general theory of 
Pell-type equations it follows that all solutions to (2) are given by 


(Zn, Yn), n > 0, where 
5 [tt + 2v8)(2-+ v5) + (1 - 2v5)(2 — v5)", 
: : 2n 1 2n 
Un = 5 (2+ 2) (2+ 75)?" + (2-=) (2 — V5) Ie 
(3) 


Remark. The equation «? + y? + 1 = kay is solvable in integers 


if and only if the quadratic equation 
a? —(ky)x + y?+1=0 
in x has integral solutions. This means that if its discriminant 
A = (ky)* — 4y* — 4 = (k? — 4)y* — 4 


is a perfect square, then (1) is solvable. From Problem 6(a) in Section 
1.6 it follows that the first equation is solvable only if & = 3, so (1) is 
solvable only if k = 3. The same argument as in the previous proof 
shows that if (1) is solvable only for k = 3, then the same is true for 


the equation u? — (k? — 4)v? = —4. 
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5. Prove that if eee +4 is a perfect square, then this square is 9. 


Solution. Let 
ae 
b2 


for some positive integer k. Then a? + 1 = (k? — 4)b?, that is, a? — 


+4=k? 


(k? — 4)b? = —1. From the previous problem it follows that k = 3. 
Remark. There are infinitely many pairs (a, b) with this property. 
All of them are (a,b) = (%p, Yn), where x, and y, are given by (3) 
in the previous problem. 
6. Find all pairs (m,n) of integers such that mn+m andmn+n 


are both squares. 
(Titu Andreescu, Iurie Boreico) 


Solution. The pairs (0,k?) and (k?,0) are trivial solutions. For 


mn #0, m = +aq? and n = +br?, for some positive integers q,r, a, 
and b, where the signs + and — correspond. Then, as in the solution 


to Problem 4 in Section 3.3, there are positive integers s and t such 


that as? — bt? = +1 and as? — bt? = +1, and from Example 3 in the 
same section, it follows that a = 1 or b = 1. The problem reduces 
to finding all pairs (x,y) of positive integers with x > 1 such that 
(x? —1)(y?+1) is a perfect square. Such pairs exist if and only if there 
are a square-free positive integer d and positive integers w and z such 
that 2? — 1 = dw? and y? +1 = dz”. Because the Pell’s equation 
x? — dw? = 1 is solvable for each square-free positive integer d, this 
boils down to the solvability in positive integers of the negative Pell’s 
equation y? — dz? = —1. 

Hence let D be the set of all square-free positive integers d for 


which the equation y? — dz? = —1 is solvable in positive integers. 
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Then for each such d let (yo(d), zo(d)) be its minimal solution. From 
Theorem 3.4.1, the general solution to y?—dz? = —1 is (yx(d), zx(d)), 


Yn(d) = yo(d)ux(d) + dzo(d)uz(d), ze(d) = 20(d)unkd) + yo(d)ux(d), 
sieve (ge) (A)) ts HS RON SEAT BONEN LOG Pallts Seniabion 
u? — dv? = 1. 
Te llowe that sles Gan SG) oe 
(dup (d)?, yx(d)), (—dzn(d)*, —ux(d)), 


and the other two symmetric pairs. 


[1.4 


Solutions to Some Advanced Methods 


in Solving Diophantine Equations 


4.1 The Ring Zi] of Gaussian Integers 


1. Solve the equation 
a+4=y", 


where n is an integer greater than 1. 

Solution. For n = 2, the only solutions are (0,2) and (0,—2). For 
n = 3, we have seen in Example 4 that the solutions are (2,2), 
(—2,2), (11,5), and (—11,5). Let now n > 4. Clearly, for n even, 
the equation is not solvable, since no other squares differ by 4. For 
n odd, we may assume without loss of generality that n is a prime 
p > 5. Indeed, if n = qk, where q is an odd prime, we obtain an 
equation of the same type: a? + 4 = (y*)4. 

For x odd we have (2+ix)(2—ix) = y? and gcd(2+ix,2—ix) = 1in 
Zi]. Using the uniqueness of the prime factorization in Z/i], it follows 
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that 2+ ix = (a+ ib)? for some integers a and 6 having different 


parities. Identifying the real and imaginary parts, we obtain 
P\ p—2,2 pot —1 
2-2 (Pla bo +-+++(-1) 7 pab?™. (1) 


It is clear that all terms in the above relation are even and a | 2. 


Hence a = +2, and from Fermat’s little theorem, it follows that a = 2 


and b is odd. Relation (1) becomes 
ae ae (5) 2-80 a(S) ea- pir. (2) 


We will prove that b? = 1. Indeed, if g | b for some odd prime, 
from (2) it follows that 2?~' = 1 (mod q?). Using again Fermat’s 
little theorem, we obtain gq | p — 1. Indeed, since 27~! = 1 (mod q), 
there is a divisor s of g— 1 such that 2° = 1 (mod q). Let s be the 
least such divisor. We have s | q—1 and s | p—1. Moreover, 2°4 = 1 
(mod q?); hence sq | p—1, ie., g| p—1. If b? 4 1, then the exponent 
of q in each term (A1)h (gh 2? thes k= 1,2,...,254, of (2) is 


greater than the exponent of (2) in 2?~! — 1, a contradiction. Hence 


b? = 1. Then 2+i2 = (241%)? and |2 + iz| = |2+%j?, yielding 
A+? = 5. 
The relation (2) becomes 


1=2P-1 (3) aP-S 4... 4 (—1)?"'p. (3) 


If p = 4m +1, let p = 2%q+1 with q odd. From (3) it follows that 
1 =p (mod 2°*'), a contradiction. Hence in this case the equation 


is not solvable. 
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Let p = 4m+3, m > 1. Assume p = 2°q +3, with q odd. Using 


again relation (3), we obtain 


=—p+ ( 4 (mod 2°*?); 
hence p = 3 (mod 2°*"), a contradiction. 

Hence there are no solutions for p > 5 and x odd. 

If x is even, say x = 2u, then y is even, y = 2v. The equation 
becomes u? + 1 = 2?~?u?P. Because p — 2 > 2, this equation is not 
solvable, because 4 does not divide u? + 1, so there are no solutions 
for p > 5 and x even as well. 


Remark. The perfect squares in the sequence 5” — 2” 


,mn= 0 
are 0,1,4,9, and 121. Indeed, ifn = 2k, k > 1, the relation 5”—2™ = 
x? is equivalent to (5" — x)(5" + 2) = 2™, yielding 5" — x = 2°+1 
and 5*4+ 2 = 2+! with a+ 6 = m—2,a < 8. It follows that 
5k — 9% 4 2 and a must be 0. We obtain 5° = 1+ 2°. For k 
even, we get (53 — 1)(52 + 1) = 2°, which is not possible. For k 
odd, we have (1+4)F = 1+ 4(*) + d2(G) +++» = 1+ 28; hence 
k+ 4(5) +--+. = 2%) yielding a contradiction for k > 3. Hence k = 1, 
B=s- and eo S57 =o =; 
Assume n odd. Then 5” = 5 (mod 8). But for m > 3, 5° — 2? = 
™ = 0 (mod 8), which is impossible. Hence m € {0,1,2}. Form = 0 
we get 2? + 1 = 5”, which, according to Example 1, is not solvable 
for n > 2. It follows that n = 1 and 2? = 4. For m = 1, we have 
a? +2 = 5", which is impossible, as we tell by looking modulo 4. For 
m = 2, 27+4=5".Ifn =1, then x? = 1. If n has a prime divisor p, 


then n = pq, and so x7+4 = (52)?. From the solution of the problem 
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it follows that 5? = 5; hence q = 1 and n is a prime. We have seen 
that n must be 3, so 2? = 121. 


2. Solve the equation 


where n is an integer greater than 1. 

Solution. For n = 2, the only solutions are (0,3), (0,—3), (4,5), 
(4,5), (—4,5), and (—4, —5). For n even, n > 4, the equation is not 
solvable. For n odd, we may assume without loss of generality that 
n is a prime p > 3. The argument is the same as in the previous 
problem. We will prove that the equation is not solvable in this case. 

Clearly, 3 does not divide x, for otherwise, 3 would divide ( 2)? +1, 
a contradiction. We will use again the uniqueness of prime factoriza- 
tion in Z[i]. The equation can be written as (3 + ix)(3 — ix) = y?, 
and since gcd(3 + iz,3 — ix) = 1, it follows that 3+ ix = (a + bi)? 
and y = a? + b?, where a and b have different parities. Identifying 
the real parts, we get 

3 =a? — (5) oor here eter e sf ae (1) 

From (1) it follows that 3 = a? (mod p). Then Fermat’s little 

theorem gives a? = a (mod p); hence we get that a | 3, so clearly 


a = 3. Therefore, relation (1) becomes 


13h (5) gP-3p2 4... 4 (1) ee :) pt (2) 


That is, 


ap-1_] = (Byars (Plartoty. (nye? a (3) 
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If p = 4m +3, then from (3) it follows that 6 must be even. But 
in this case, 3?~! — 1 is divisible by 2? and not by 2+, while b? is 
divisible by an even power of 2, a contradiction. 

If p = 4m +1, then from (3) we get again that b must be even. 
Assume that p = 2k +1, where pw > 1 and k is odd. 

But 3?-? —1 = 3" —1 = (-14 4)?" —1 = 242k —..., which 
shows that 2+? is the greatest power of 2 dividing 3?! — 1. Because 


b is even, b = 27q, where a > 1 and gq is odd. Then 


(5) p — P(p- 1) 2 = (2k + 1)2# 1k. 22%9?. 

2 2 

hence the greatest power of 2 dividing (5) b? is QH-1420. The parities 

of the exponents +2 and 4—1+ 2a are different, a contradiction. 
In all cases, we have shown the insolvability of the equation. 


3. Let p= 4m —1 be a prime and let x and y be relatively prime 


integers such that 


for some integer z. Prove that p | xy. 
(American Mathematical Monthly) 


Solution. Because gced(xz,y) = 1, x and y have different parities. 
Indeed, they cannot both be odd, since in this case x? + y? = 2 
(mod 4), so x? + y? is not a perfect. square. Hence z is odd. We will 
use the uniqueness of prime factorization in Z/i]. The equation is 
equivalent to (x + iy)(x — iy) = z?™. Let d = gcd(x + iy, x — ty). 
Then d | (x+iy)+(x—iy) = 2x and d| (x+iy)—(x—iy) = 2ty; thus 
d| 2x and d| 2y. From gcd(z,y) = 1 it follows that d | 2. On the 


other hand, from (x +iy)(x—iy) = z?™, we see that d | z?”. But z is 
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odd; hence d must be a unit in Z[?], implying that x + iy and x —iy 
are relatively prime. From the uniqueness of prime factorization we 
get 

a + iy = i*(a + ib)?™, 


for some integers a and b and some k € {0,1,2,3}. 


We have 


(a + ib)*” = (a + ib)Pt" = (a + ib)?(a + ib) 
= (a? + (ib)?)(a+ib) (mod p) 


= (a? — ib?)(a+ib) (mod p), 
and by Fermat’s little theorem we obtain 
(a + ib)*” = (a — ib)(a+ib) (mod p) = (a* +b?) (mod p). 
On the other hand, from x + iy = i*(a + ib)?™, it follows that 
x? — y? + Qivy = (—1)*(a + ib)”; 


hence 


a? — y* + Mivy = (—1)*(a2 +b?) (mod p). 


But p| w+ iv if and only if p| wu and p| v. Thus p | 2xy, and since 


p is odd, p | xy. 
4.2 The Ring of Integers of Q[Vd] 
1. Find all pairs (x,y) of positive integers such that 
137 +3 =y/’. 


(Mathematical Reflections) 
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Solution. We have 
(4 — V3)"(4 + V3)* = 18 = (y — V3)(y + V3). 


It is easy to see that Z[V3] is a Euclidean domain with the norm N 
given by 
N(a+ bV3) = |a? — 307]. 


Hence Z[\/3] is a PID and so a UFD. 
Suppose there exists a prime p € Z[V3] that divides both y — V3 
and y + /3. Then 


N(p) | N(y + V3) = ly? — 3| = 18°. 


On the other hand, since p | 2/3, we have N(p) | N(2V3) = 12. 
Then N(p) | (12,13) = 1, and so N(p) = 1, contradiction. 

Hence (y — V3,y + V3) = 1, and so y+ V3 is an xth power. In 
particular, since both 4— 3 and 4+ V3 are primes, then (4+ /3)* = 
y+ V3, which after comparing coefficients of V3 in both sides yields 


- z kye—(2k+1) _ ..4a—1 
1= 4 = x4 > 1). 
) eee: x + (terms > 1) 


Therefore x = 1. 


2. Solve the equation 
o?+3=y", 


where n is an integer greater 1. 
Solution. For n = 2 the solutions are (1,2), (1,—2), (—1,2), and 
(—1,—2). For n even, n > 4, the equation is not solvable, since no 


other squares differ by 3. For n odd, n > 3, we may assume that n 
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is a prime p. Indeed, if n = qk, where q is an odd prime, we obtain 


an equation of the same type: 


We will use the uniqueness of prime factorization in the ring of 


integers of Q[—3]. According to Theorem 4.2.3, the integers in 


Q[V—3] are 22 SiS where a and £ are integers of the same parity. 


Write the equation as 


2 2 
where y = ote 


Clearly, x must be even, for otherwise, x? + 3 = 4 (mod 8), while 
y” = 0 (mod 8). 


2 


The equation 2? — x + 1 = y? is equivalent to 


(22 — 1)? +3 = 4y', 


that is, 
(Qa -1)+/-3 (2a-1)-V-3 3 
5 5 =y (2) 
Let 
sues 2x —-1+V/-3 2x-1-vV-3 
7 D ; 2 
Then 


d| (HHS a) v3. 


Hence N(d) | N(/—3), that is, d? | 3. It follows that d = 1 or 
d = \/—3. The second case requires « = 2 (mod 3), which gives 
3 | y?, but 9 f y?, a contradiction. Hence the only possibility is d = 1, 
Zit bt sa zi a 


so the integers are relatively prime in R. 


4.2 The Ring of Integers of Q{Wd| 317 


Using the uniqueness of prime factorization in R, we get 


2a-1l+V-3 _ i (coe) 
9 = 2 


and 


Qn-1-V—3 es Gs) 
D: 7 2 


_ af 2 2 
where w = ay and ae =), 


Then ged(z + /—3, 2 — /—3) = 1 and 
p P 
r+ ¥=B = wk (S28Y*) , pa y=B= wrt (SO) , 


where w = ays, The first relation can be written as 
m+n/—3\" 
rt yaa (TE ) | (1) 


for some integers m and n of the same parity. 

Indeed, for each k € {0,1,...,5}, there is a positive integer s such 
that w* = w*?. The choice of s depends on the residue of p modulo 
6. If p=1 (mod 6), we take s = k, while for p= 5 (mod 6) we take 
s=6-k. 

Taking the conjugate in (1), we obtain 


hence 


ve (GE) (Op 


Factoring the expression in the right-hand side as 


A? — BP — (A— B)(AP-14 AP-?B+...4 ABP? 4 Beh), 
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we get 2\/—3 = nv/—3-u, where u is an integer in Q/—3]. It follows 
that 2 = n-u, and so N(2) = N(n-u) = N(n)-N(u), i-e., 4 = n?N(u). 


Hence n | 2. 


For n = +1, from (1) we obtain 


EOP — (B)m—t — 3( m8 4 4 (3) (2) 


Looking modulo p, from Fermat’s little theorem we get 


+2= (—3)°= (mod p); 


hence 4 = (—3)?-! =1 (mod p), so p =3. 

The equation becomes x? + 3 = y®. This equation is not solvable 
for y = 1 (mod 4). Hence y = 3 (mod 4) and 27 +4=y3+1= 
(y +1)(y? — y +1), which is again impossible, since y? — y+ 1 is of 


the form 4m + 3 and it cannot divide the sum of squares x? + 4. 


For n = +2, m = 2a and (1) becomes 
r+V-3 = (a+ V-3)?, 


sO 


ie oe -3(?)ars +9(2) ar SiuaeGsya. GB) 


Clearly, 3 { a, so a? = 1 (mod 3). From (3), we get 1 = pa?! 


(mod 3); hence p = 1 (mod 3). Let p = 3%-2q+1, where 3 { gq. 
Looking at (3) modulo 3“+?, we get 


a?-3 (mod 3“t?), (4) 


= 


Indeed, 34+? | 9(8) and 
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We have 
a?) = (a?)*= = (14+ 3k)3"4 =143"4kg (mod 3“). 
Multiplying (4) by a = 3¥q and looking mod 3“+?, we obtain 
paar = 3"9(1+3"t1kq) =3"q (mod 34+”), (5) 
On the other hand, 
a*(paP-!—1)= Poe (mod 3“*?) 
and 


a?(pa?-! — 1) = (1+ 3k)[p(1 +. 3k)*= — 1) = (14+ 3k)[p(1 + 3k)3"9 — J] 
= (1+ 3k)p + (1+ 3k)p-3“tkq — (143k) (mod 3“t?) 
= (1+ 3k)(p — 1) + pkq- 3"*" = (mod 3+?) 


= 34.24 3471 . Qkq + (34 -2¢+1)kq3“t! (mod 34+?) 


= 34 .2g+3"41(2kq+kq) (mod 34+?) 


= 34.2q (mod 34+), 
Using (5) we obtain 
—3q = 3"-2q (mod 3“*?); 


hence 34+? | 34+1g, ie., 3| g, a contradiction. 
In conclusion, the equation is not solvable for n > 3. 


3. Solve the equation 
a? +11 = 3", 


where n is an integer greater than 1. 
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Solution. Looking modulo 13 we have the following table: 


while 3” = 1,3, or 9 (mod 13), as n = 0,1, or 2 (mod 3), respec- 
tively. It follows that n = 3k, for some positive integer k. Let y = 3° 
and the equation becomes x? + 11 = y?. It is clear that x is even. 


Using the uniqueness of prime factorization in the ring of integers of 


Q[V—11], we get 


where a and 0 are integers of the same parity. 


Identifying the imaginary parts, we obtain +2? = 3a2b — 110°; 


hence b | 23. 


A short case analysis shows that the only solutions are b = +1 
and a? = 1. Because y = a+ Le? it follows that y = 3, ie, n = 3 


and « = +4. The solutions (x,n) are (4,3) and (—4,3). 


4. Solve the equation 
gt+a+2= y. 
Solution. The equation is equivalent to 
(Qa+1)+V-7 (24+1)-V-7 3 


But 
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Indeed, if d is this gcd, then 


2a+14+V/7-7 2+1-V/-7 
pear ye = 


hence N(d) | N(./—7), that is, d? | 7. Using the uniqueness of the 
prime factorization in the ring of integers of Q|[,/—7], we obtain 


Qe +1+/—7 (° + Wer 
2 7 2 


where a and 0 are integers of the same parity and ah tree a 


It follows that 3a7b — 7b? = 4; hence b | 4. 


Analyzing all possibilities (6 = +1,+2,+4), we get b = +1 and 


a? = 1, yielding the solution y = 2, and so x = 2 or x = —3. The 
solutions are (2,2) and (—3, 2). 

5. Let a and b be positive integers such that b = x? — dy? for some 
integers x,y,d with d = a* —1. Prove that if b < 2(a+ 1), then b is 
a perfect square. 

Solution. Everything is clear for a = 1. For a > 2, the fundamental 
solution to Pell’s equation 2? — (a? — 1)y? = 1 is 2, = a+ Vd. From 
the hypothesis, the equation N(z) = 6 has solution (x,y); hence, 
according to Theorem 4.2.7, it also has a solution z’ = a! + y/Vd 
with 


7 atl _atit+vd 75 


2/2 2/at+ Vd 
2 
= (a+1+ va)? b= Fy Sed <at+l; 
4(a + Vd) 2 
hence 2’ < a. 
On the other hand, 


; (x')? —b a? —b a? —b 
NS Ge SNE 2a 


|x 
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It follows that y’ = 0 and b = (2’)?. 


4.3 Quadratic Reciprocity and Diophantine 


Equations 


1. For a prime p, the equation x? — 3y? = p has solutions in 
integers if and only if p=1 (mod 12). 

Solution. From the previous problem, it suffices to take p > 5. A 
necessary condition for solvability is (2) = ( P) = 1. The second re- 
lation means that p = 1 (mod 3). Moreover, since 3 = —1 (mod 4), 
quadratic reciprocity tells us that (2) — (5) if and only if p=1 
(mod 4). Thus p= 1 (mod 12). 

Because 3 is a quadratic residue modulo p, we have 3+np = x? for 
some integers n and p. This is equivalent to np = (a + V3)(a — V3). 
It follows that p| a+ V3 or p |x2— J/3 in Z(V3]. But this is clearly 


impossible; hence p factors nontrivially in Z[V/3], the nontriviality 


meaning that neither factor is a unit, so neither has norm +1. Then 
p= (s+tv3)(u+ vv3), 

and taking norms yields p? = (s? — 3t?)(u? — 3v?). This implies 

3? Sy? = 30? = por 3? 8 = a? — 30? = =p: The latter 

is not possible, since looking mod 3, we get —p = u? (mod p). But 

quadratic residues tell us that (<2) = (=) (4) = (—1)- 1, because 

p=1 (mod 3), a contradiction. 


2. Let p be a prime of the form 4k + 3. Prove that exactly one of 


the equations x? — py? = +2 is solvable. 


Solution. Suppose the equations 


xz? —py2=2 and u*—pv? =-2 
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are both solvable. Then p | 2? —2 and p | u? +2, implying p | 2?+u?. 
From Theorem 4.4.2 it follows that p | x and p | u, implying p | 2, 
a contradiction. Hence at most one equation is solvable. Let (x1, y1) 
be the fundamental solution to Pell’s equation u? — pv? = 1. If 2; —1 


and 2; +1 are not relatively prime, then from (x; —1)(x1 +1) = py? 


we get 2, +1 = ax? and x; +1 = pay’. Hence a(x? — py”) = 2, 


implying a = 2. It follows that 7; +1 = 22x? and 2, $1 = 2py/’?, 


which yields 2? — py? = +1. The situation x? — py? = 1 contradicts 
the minimality of (a1, y1), while 2? = py” — 1 is in contradiction to 


the result in Theorem 3.4.2. 
2 


Hence x; — 1 and x; + 1 are relatively prime, so 73 +1 = 2 


and x; +1 = py? for some positive integers x and y. It follows that 


x? — py”? = +2. 

3. Let p be a prime of the form 8k + 7. Prove that the equation 
x? — py”? = 2 is solvable. 

First Solution. Let (u,v) be the fundamental solution to Pell’s 
equation x? — py? = 1. We will prove that u is even and v is odd. 
Indeed, if wu is odd, then v is even, and from 


u-1l ut+l v\2 u-lut+il 
=p(—) and ged = 
2 2 »(5) oe ( os ) 


it follows that 


u—1 
2 


1 
5 = pa and Cea 


=a’ and 5 = pf” 


= 6B or 


for some positive integers a and {. In the first case we get 6? — 
pa? = 1, contradicting the minimality of (u,v), while in the second 


we obtain a? — p3? = —1, contradicting the result in Theorem 3.4.2. 
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Hence wu is even and v is odd, so gcd(u — 1,u +1) = 1. From 
(w—1)(u+1) = pv”, we get u—1 = a? and u+1 = pb? or u—1 = pa? 
and u+1 = b?, for some integers a and b. In the first case, pb?—a? = 2; 


hence a? = —2 (mod p). But 


(=) =n" (2) =Cnen=-1 


since p = 7 (mod 8), acontradiction. In the second case, b?—pa? = 2, 
and we are done. 

Second Solution. It is clear that p is of the form 4m+3. Using the 
result in Problem 2, it suffices to show that the equation x? — py? = 
—2 is not solvable. If this equation were solvable and (x,y) were a 


solution, then we would have 2? = —2 (mod p). But 


(=) =" (7) =Cnen=-1 


since p =7 (mod 8), a contradiction. 
Remark. In a similar way we can prove that if p is a prime of the 


form 8k + 3, then the equation x? — py = —2 is solvable. 


4.4 Divisors of Certain Forms 


1. Let p be a prime of the form 4k + 3. Prove that the system of 
equations 
(p— la? +y? = v?, 
x’ + (p—I)y? =v, 
is not solvable in nonzero integers. 


Solution. Without loss of generality we may assume that 


ged(a,y) = 1. 
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We have u? + v? = p(x? +y”); hence p | u2+v?. By Theorem 4.4.2 
it follows that p | u and p | v. Then one gets p | 2? +y?, contradicting 
Theorem 4.4.2. 

2. Prove that the equation x? + y? = 2” +2” is not solvable if 
gcd(x,y) = 1 and n is an odd integer greater than 1. 

Solution. Because gced(x,y) = 1, it follows that z is odd, for oth- 
erwise, 2” | x2 + y?, in contradiction to x? + y? = 2 (mod 8). 

The right-hand side of the equation has a prime factor of the form 
4k + 3. Indeed, if z = 4m — 1, then z” + 2” is of the same form. If 
z=4m4+1, then z+ 2 = 4m+ 3 and it divides z” + 2”. In both 


cases, x7 + y” has a prime factor of the form 4k + 3, a contradiction. 
(Ion Cucurezeanu) 
3. Prove that for any integer n greater than 1, the equation 
a+ 2=y?+2 
is not solvable. 
(Ion Cucurezeanu) 


Solution. Clearly, x is odd, for otherwise, y would also be even and 
so we would have 0 = 2 (mod 4), a contradiction. 


If n is even, then 


Because x and y are both odd, the left-hand side is congruent to 0 
(mod 4), while the right-hand side is congruent to 2 (mod 4). Hence 


n is odd. 
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If « = 4k+1, then working modulo 4 we get another contradiction. 
If « = 4k — 1, then x = 8m—1 or « = 8m +3. In the first case, 
working modulo 8 we obtain again a contradiction. In the second 
case, x + 2 = 8k +5 has a prime divisor of the form 8m — 3 or 
8m — 1, contradicting the result in Remark 2. 

Remark. A short way to get a contradiction is the following. After 
we have proved that x and y are both odd, we reduce the equation 


mod 4 and obtain 1 = 3 (mod 4), which is not possible. 
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Glossary 


Arithmetic function 


A function defined on the positive integers that is complex-valued. 


Arithmetic-Geometric Means Inequality 


If n is a positive integer and aj, a9,...,@n, are nonnegative real num- 
bers, then 
1 n 
= S% aj; > (aiag-+- an)”, 
n 4 
i=1 
with equality if and only if a, = ag = --- = ay. This inequality is a 


special case of the power mean inequality. 


Associated elements 
Two elements a and 6 of a ring R such that a = ub for some unit 


we R. 
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Base-b representation 
Let 6 be an integer greater than 1. For any integer n > 1 there is 
a unique system (k,ao,a1,...,a@%) of integers such that 0 < a; < b, 


i=0,1,...,k, a, 40 and, 
n= a,b’ + Geb ee ah ap. 


Beatty’s theorem 


Let a and @ be two positive irrational real numbers such that 


Rita 
a Bp 


The sets {|a], |2a],|3a],...}, {|G], [2G], |3G],...} form a parti- 


tion of the set of positive integers. 


Bernoulli’s inequality 


For z >—landa>1, 
(l+2)* >1l+az, 
with equality when x = 0. 


Bezout’s identity 
For positive integers m and n, there exist integers x and y such that 


mx + ny = gcd(m,n). 


Binomial coefficient 


() - mee 


the coefficient of a* in the expansion of (2 + 1)”. 
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Binomial theorem 
The expansion 


(a+ ae n ere n gral fe n gt 2 Saco n ey t+ n n 
My NG 1 ae o may ws 


Canonical factorization 


Any integer n > 1 can be written uniquely in the form 


Ok 


n= pt---pe® and py < po < ++: < Dr, 


where pj,..., pz are distinct primes and ay1,...,az are positive inte- 


gers. 


Carmichael’s integers 
The composite integers n satisfying a” = a (mod n) for any integer 


a. 


Ceiling function 
The least integer that is greater than or equal to x is called the 


ceiling of x and is denoted by [2]. 


Commutative ring 

A set R equipped with two commutative binary operations, addition 
and multiplication, such that (R,+) is an abelian group, Or 4 lr, 
and the distributive law holds ((a+ b)c = ac+ bc, for all a,b,c € R). 


Complete set of residue classes modulo n 
A set S' of integers such that for each 0 < i < n there is a unique 


element s € S with i= s (mod n). 
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Congruence relation 


Let a, b, and m be integers. We say that a and b are congruent modulo 


ae) 


m if m | a— b. We denote this by a = b (mod m). The relation 


on the set Z of integers is called the congruence relation. 


Division algorithm 
For any positive integers a and b there exists a unique pair (q,7r) of 


nonnegative integers such that b= aq+randr <a. 


Euclidean algorithm 


Repeated application of the division algorithm: 


ma=ngtrmi, 1<rn<n, 


n=T1G¢2+7T2,1<re<71, 


Th-2 =Tk-19k +k, 1S Te < Tr-1, 


Tk-1 =TRUk+1 + Tr+1, Trp = 9. 
This chain of equalities is finite because n > 1r1 > rg >--- > rp > 0. 


Euclidean domain 

A ring R with the property that there exists a function A: R\ {0} > 
N° such that for any two a,b € R, b £0, one can find some c,d € R 
satisfying a = cb +d, where either d = 0 or A(d) < A(b). 


Euler’s theorem 


Let a and m be relatively prime positive integers. Then 


a®™ =1 (mod m). 
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Euler’s totient function 
The function y defined by y(m) = the number of all positive integers 


n less than or equal to m that are relatively prime to m. 


Fermat’s little theorem 


Let a be any integer and let p be a prime. Then 


a? =a (mod p). 


Fibonacci sequence 
The sequence defined by Fo = 0, Fy = 1, and Fri1 = Fy, + Fh_1 for 


every positive integer n. 


Field 
A set k equipped with two commutative binary operations, addition 


and multiplication, such that: 
1. (k,+) is an abelian group under addition; 


2. every nonzero element of k has a multiplicative inverse, and 


(k*,-) is an abelian group under multiplication, where k* = 
Kk \ {On}; 
3. On A 1k; 


4. the distributive law holds: (a + b)c = ac + be for all a,b,c € k. 


Floor function 
For a real number zx there is a unique integer n such that n < x4 < 
n+1. We say that n is the greatest integer less than or equal to x 


or the floor of x and we write n = |x|. 
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Ideal 
A subset of a ring R closed under addition and subtraction and under 


multiplication by elements of R. 


Integral domain 


A commutative ring without zero-divisors. 


Irreducible element 
An element p of a ring R such that a | p implies that a is a unit or 


a is associated with p. 


Gaussian integer 
A complex number whose real part and imaginary part are both 


integers. 


Legendre symbol 
Let p be an odd prime and let a be a positive integer not divisible 


by p. The Legendre symbol of a with respect to p is defined by 


(*) 1 if ais a quadratic residue mod p, 


—1 otherwise. 


Linear Diophantine equation 


An equation of the form 
A121 +++ +Gn%p = |b, 


where @1,d@2,...,@n, 0 are fixed integers. 


Glossary 337 


Linear recurrence of order k 


A sequence 20, 71,...,%n,... of complex numbers defined by 
Li, SOAR AP Opes OER ky TR; 


where @1,@2,...,@% are given complex numbers and 29 = Qo, 41 = 


Q1,..., Zp-1 = Ap_1 are also given. 


Lucas sequence 
The sequence defined by Lo = 2, Ly = 1, Ennai = In + En_1 for 


every positive integer n. 


Number of divisors 
For a positive integer n denote by T(r) the number of its divisors. It 


is clear that 


T(n) = S- i 
d|n 


Order modulo m 
We say that a has order d modulo m, denoted by o(a) = d, if d 
is the smallest positive integer such that at = 1 (mod m). We have 


dn) = 1: 


Pell’s equation 
The quadratic equation u2 — Dv? = 1, where D is a positive integer 


that is not a perfect square. 
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Principal ideal 


An ideal of a ring R generated by one element. 


Principal ideal domain (PID) 


A ring R with the property that every ideal in it is principal. 


Prime element 
A nonunit element p of a ring R, p 4 0, such that p | ab implies p | a 
or p | b. 


Pythagorean equation 


The Diophantine equation x? + y? = z?. 


Pythagorean triple 
A triple of the form (a,b,c) where a? + b? = c?. All Pythagorean 


2 


triples are (m? — n?,2mn,m? +n), where m and n are positive 


integers such that m > n and m+n is odd. 


Quadratic residue mod m 
Let a and m be positive integers such that gcd(a,m) = 1. We say that 
a is a quadratic residue mod m if the congruence x? = a (mod m) 


has a solution. 


Quadratic reciprocity law of Gauss 


If p and q are distinct odd primes, then 


Unit 


An element of a ring R with a multiplicative inverse. 
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Wilson’s theorem 
For any prime p, (p — 1)! = —1 (mod p). So n is prime if and only if 


(n — 1)! =—-1 (mod n). 
Zero-divisor 
A nonzero element r of a ring R such that rs = 0 for some nonzero 


sEeR. 
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